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Abstract	Biomass	or	coal	gasification	are	promising	processes	for	renewable	energy.	However,	a	major	operating	problem	in	gasification	is	what	to	do	with	syngas	byproducts	such	as	H2S	and	tars	(heavy	hydrocarbons)	that	cause	catalyst	deactivation	downstream.	Studies	have	shown	that	rare	earth	oxides	(REOs)	doped	with	transition	metals	are	promising	catalysts	for	tar	reforming	in	the	presence	of	sulfur.(R.	Li,	Roy,	Bridges,	&	Dooley,	2014)	In	Chapter	1,	propane	is	studied	as	a	model	compound	for	tar	reforming	with	transition	metal-doped	(e.g.,	Mn,	Fe)	REOs.	These	are	compared	to	a	typical	commercial	Ni/Al2O3	catalyst.	The	results	showed	that	REO/TM	catalysts	have	higher	reforming	activity	over	the	temperature	range	920-1000	K,	with	no	significant	deactivation	in	non-sulfur	containing	feeds.	In	particular,	Mn/Ce4,	Mn1.1/Ce3/La	and	La/Ce3	(the	numbers	are	elemental	ratios)	showed	good	reforming	activity	with	relatively	low	carbon,	CO2	and	CH4	yields.	Mn/Ce4	showed	some,	but	not	complete,	deactivation	when	tested	with	an	H2S-containing	feed.	All	used	catalysts	were	subjected	to	TPO	analysis	and	H2	chemisorption.	No	correlation	could	be	found	between	either	reforming	activity	or	carbon	yield	(as	calculated	from	the	mass	balances),	or	the	TPO	or	dispersion	(chemisorption)	results,	although	the	dispersions	did	show	that	the	transition	metals	remained	doped	in	the	REOs.	Kinetics	calculations	showed	that	most	of	the	catalysts	have	near	zero-order	kinetics	with	respect	to	water.	
In	Chapter	2,	educational	modules	related	to	biomass	unit	operations	are	presented,	as	part	of	the	Energy	Sustainability	Remote	Laboratory	(ESRL)	project.	The	modules	relate	to	a	biological	pH-swing	crystallization	and	a	sugar-milling	process.	Brief	introductions	to	the	fundamental	theories	of	both	unit	operations	are	provided	to	aid	students’	
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understanding	of	them.	Laboratory	assignments	and	exercises	are	designed	to	focus	on	enhancing	students’	experiences	in	typical	operating	problems,	such	as	analyzing	and	finding	discrepancies	in	experimental	data,	building	mass	balances	around	units,	and	analyzing	relevant	probability	distributions	related	to	the	data.	Students	can	utilize	mathematical	software	such	as	Excel’s	Solver	and	Matlab	to	complete	certain	assignments.	Written	solutions,	Excel	spreadsheets	and	Matlab	codes	for	laboratory	assignments	and	exercises	are	provided	in	Appendix	C.		
		1	
Chapter	1:	Rare	Earth/	Transition	Metal	Oxides	for	Syngas	Tar	
Reforming	
1.1	Introduction	Fuels	from	biomass	gasification	are	contributing	more	to	renewable	energy	resources.	Biomass	can	be	reacted	with	air	and	steam	into	syngas,	which	contains	hydrogen,	carbon	monoxide,	carbon	dioxide,	water,	nitrogen,	light	hydrocarbons,	and	impurities	such	as	hydrogen	sulfides	and	tars	(benzene	and	higher	hydrocarbons).	Energy	stored	in	syngas	can	be	transformed	into	useful	energy	such	as	electricity	with	turbines	and	into	liquid	fuels	such	as	methanol	or	diesel.(de	Lasa,	Salaices,	Mazumder,	&	Lucky,	2011;	Torres,	Pansare,	&	Goodwin,	2007)	In	order	to	meet	the	environmental	requirements	on	allowable	gas	concentrations	released	into	the	atmosphere,	such	applications	have	constraints	on	the	gas	concentrations	of	tars	and	sulfur.(de	Lasa	et	al.,	2011;	Dunn,	Stenger,	&	Wachs,	1999;	Rui	Li,	2014;	Retailleau,	Vonarb,	Perrichon,	Jean,	&	Bianchi,	2004;	Xu,	Donald,	Byambajav,	&	Ohtsuka,	2010)	Gasifier	effluents	that	contain	high	concentrations	of	tars	and	sulfur	are	well	known	to	cause	fouling	and	blockage	in	downstream	processes.(de	Lasa	et	al.,	2011;	Torres	et	al.,	2007)		
Research	work	has	shown	that	2	catalytic	reactors	in	series	can	remove	tars	far	more	efficiently	than	fluidized	beds.	But	studies	indicate	that	in	tar	reforming	supported	Ni	catalysts	show	low	sulfur	tolerance	except	at	high	temperature	(e.g.,	1123	K).(K.	Sato,	Shinoda,	&	Fujimoto,	2007)	Rare	earth	oxides	(REOs)	(e.g.,	Ce/LaOx)	doped	with	transition	metals	(e.g.,	Mn,	Fe)	show	promising	results	for	tar	reforming	in	the	presence	of	sulfur.(R.	Li	et	al.,	2014)	 	
		2	
Most	reforming	research	work	uses	naphthalene	or	toluene	as	the	model	tar	compound,	however,	in	this	work,	we	are	using	propane	to	investigate	the	reforming	activity	of	transition	metal	/	REO	catalysts	at	923–998K.	Propane	was	chosen	as	a	model	tar	compound	because	it	has	both	C-C	and	C-H	bonds	and	still	is	simple	enough	to	model	adsorption	and	reaction	on	a	simple	surface	such	as	a	metal-doped	CeO2	(111)	using	the	DFT+U	method.		The	Janik	group	at	Penn	St.	is	modeling	such	adsorption	and	reaction	in	parallel	with	this	study.	
1.2	Literature	Review	
1.2.1	Tar	Removal	and	Conversion	Most	tar	removal	takes	place	above	823K	in	an	oxidizing	environment	and	above	923K	in	a	syngas	environment.	While	higher	temperatures	make	tar	removal	easier,	if	the	temperature	is	above	that	of	the	gasifier	the	cost	of	utilities	will	be	high	too.	One	goal	in	developing	tar	reforming	catalysts	is	to	reduce	the	need	for	reactor	temperatures	above	1173K.	Some	authors	were	able	to	achieve	high	tar	conversions	at	923K-1173K.	Narvaez	studied	the	reforming	activity	of	BASF	G1-25-S	(Ni-based)	on	a	gasifier	effluent	at	923-993K	and	converted	88%-97%	of	the	tars	(585-2140	mg/Nm3;	naphthalene	and	PAHs)	at	GHSV=10,000-11,700/h.	(Narva	́ez,	Corella,	&	Orı	́o,	1997)	Buchireddy(Buchireddy,	Bricka,	Rodriguez,	&	Holmes,	2010)	and	Zhao(Zhao	et	al.,	2008)	found	that	Ni/zeolite	and	Ni/olivine	catalysts	show	high	reforming	activity	around	1023K,	achieving	99.7%	and	75%-93%	naphthalene	conversions,	respectively.	Ni/zeolite	was	tested	on	a	syngas	with	12	g	naphthalene/m3	at	GHSV	12,800,	while	Ni/olivine	was	tested	similarly	with	2.1	g	naphthalene/Nm3.	For	Ni/olivine	at	1073K,	the	conversion	remained	at	98%	for	20	h.	At	the	same	temperature,	syngas	from	rice	char	showed	52-60%	tar	conversion,	while	rice	
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char	treated	with	Ni(NO3)2	showed	80%	naphthalene	conversion	for	5	h	on	stream	with	a	25	g	naphthalene/Nm3	feed.	(Zhang,	Luo,	Wu,	Zhao,	&	Long,	2014)	Caballero	et	al.	tested	BASF	G1-50,	ICI	46-1	and	Topsoe	R-67	(all	Ni-based)	at	1103-1123K	in	a	second	catalytic	reactor	(after	a	dolomite	bed)	at	GHSV	3000-6000.	The	amount	of	tar	after	the	dolomite	bed	ranged	from	580-7910	mg/m3,	and	the	conversion	of	tars	ranged	from	73%-98%	for	all	3	commercial	catalysts.(Caballero,	Corella,	Aznar,	&	Gil,	2000)	Bain	tested	Ni-K2O/Al2O3-MgO	with	0.5%	benzene	and	tars,	at	GHSV	6600-7700	and	1148K.	The	conversions	achieved	were	97%	of	the	overall	tars	and	of	toluene,	94%	of	naphthalene	and	80%	of	benzene.(Bain	et	al.,	2005)	Kuhn	studied	olivine	(an	Fe-containing	mineral)	obtained	from	different	areas	of	the	country	and	obtained	conversions	of	33%	for	naphthalene	and	70%	for	toluene	at	1073K;	77%	and	88%	at	1073K;	100%	and	89%	at	1173K,	5	bar.	The	feed	included	10.5	g	toluene/Nm3,	and	891mg	naphthalene/Nm3,	with	a	GHSV	of	2500.	When	the	feed	only	had	naphthalene,	the	lowest	conversion	was	30%	and	the	highest	50%	at	1023K,	with	60-90%	for	1073K,	80-95%	for	1123K,	and	97-100%	at	1173K,	1	bar,	2.1g	naphthalene/Nm3,	GHSV	1166.	(Kuhn	et	al.,	2008)		
Some	research	groups	have	also	studied	the	resistance	of	reforming	catalysts	to	sulfur.	Engelen	studied	1wt%Ni/0.5wt%CaO	filter	discs	in	a	syngas	environment	together	with	200	ppm	H2S	at	GHSV	9000-14400.	At	1173K,	4.6	g	naphthalene/Nm3	and	16	g	benzene/Nm3,	the	catalyst	achieved	60-100%	naphthalene	conversion	and	40%	benzene	conversion	with	both	tar	compounds	in	the	feed.	It	achieved	98%	naphthalene	conversion	when	the	feed	only	contained	naphthalene	as	a	model	tar	compound.	(Engelen,	Zhang,	Draelants,	&	Baron,	2003)	A	2.5%NiO/CaO/Al2O3	gave	20-100%	conversion	of	benzene	with	H2S	present,	and	a	similar	conversion	for	naphthalene	at	973K	-1173K,	with	feed	
		4	
conditions	50	vol%	N2,	50	vol%	syngas,	15	g	benzene/Nm3	and/or	3	g	naphthalene/Nm3,	and	a	GHSV	=	2080.	The	same	catalyst	achieved	60-100%	conversion	with	no	H2S	present.	A	6wt%	NiO/MgO	achieved	100%	conversion	of	naphthalene	with	200	ppm	H2S	present	and	100%	of	conversion	for	100	h	with	100	ppm	H2S,	at	1073K.(Manfred	Nacken,	Lina	Ma,	Karen	Engelen,	Steffen	Heidenreich,	&	Gino	V.	Baron,	2007)	A	25	wt%	Ni-12%	WO3/32%	MgO/10%	CaO	tested	in	a	syngas	environment	with	GHSV	=	14,000	gave	60-98%	naphthalene	conversion	for	10	h	with	300	ppm	H2S,	and	80%	toluene	conversion	for	100	h	with	500	ppm	H2S	at	1098K.(Kazuhiro	Sato	&	Fujimoto,	2007)	In	a	study	of	naphthalene	and	benzene	removal	in	the	presence	of	100	ppm	H2S,	a	1	wt%	Ni/0.46%	MgO/1.2%ZrO2-1.28%Al2O3/α-Al2O3	achieved	~100%	naphthalene	and	benzene	conversion	at	1173K.		At	1123K,	it	achieved	99.6%	naphthalene	conversion	88.5%	benzene	conversion	for	45	h.	Both	tests	used	50	vol%	N2,	50	vol%	syngas	with	22.5	g	naphthalene/Nm3	and	3.3	g	benzene/Nm3,	GHSV	=	9000.(Ma	&	Baron,	2008)	It	has	also	been	shown	that	biochar,	activated	carbon,	and	acidic	surface-activated	carbon	with	mixed	metal	oxides	gives	70%-100%	toluene	conversion	for	225	h	at	GHSV	6.5E6,	at	a	feed	composition	of	0.03%	NH3,	0.015%	H2S,	5.12%	H2,	16.78%	CO2,	19.25%	CO,	7.489%	CH4,	balance	N2.(Bhandari,	Kumar,	&	Huhnke,	2014)	
When	deactivation	takes	place,	sulfur	may	not	be	the	only	cause.		The	catalyst	could	deactivate	due	to	coke	formation,	or	by	both	coke	and	sulfide	formation.		Almost	all	catalysts	coke	to	some	extent	at	reforming	conditions	and	the	rates	are	sometimes	reported.		These	rates	are	given	in	Table	1	(syngas	environment)	and	Table	2	(non-syngas,	non-oxidizing	environment).		The	great	differences	in	coking	rates	for	similar	materials	in	
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Table	2	suggest	that	only	rates	obtained	in	a	syngas	environment	would	be	reliable,	and	even	then	probably	only	at	similar	temperatures.		
Table	1.	Reported	coking	rates	in	a	syngas	environment.	Catalyst	 Coking	Rate	(under	syngas	environment)	(mg	coke/gcat/h)	25wt%Ni-12wt%WO3/32wt%MgO-10wt%CaO	(11)	 0.5	(300ppm	H2S),	0.91	(500ppm	H2S)	1wt%Ni,0.46%MgO,1.2%ZrO2-1.28%Al2O3,	mixed	support	(12)	 None	on	catalyst	after	170	h	WC	(tungsten	carbide)	WZ	(tungstated	ZrO2)	(Sourabh	S.	Pansare,	James	G.	Goodwin,	&	Santosh	Gangwal,	2008)	
51.8		60.6		
ZY-30	zeolite	Ni/ZY80	zeolite	Ni/Si-Al	Ni/ZY30	zeolite	(Buchireddy	et	al.,	2010)	
1.53		1.19		0.68	0.34	(97	h)	Table	2.	Reported	coking	rates	in	a	non-syngas,	but	non-oxidizing	environment.	Catalyst	 Coking	Rate	(mg/gcat/h)	Ni/MgO	(Furusawa	&	Tsutsumi,	2005)	 0.8		Ni/Al2O3,	Ni/ZrO2	Ni/TiO2	Ni/CeO2	Ni/MgO	(Miyazawa	et	al.,	2006)	
582-494		283-167		711-301		180-128		464-348		(0.25	h)	Metallic	iron	(Nordgreen,	Liliedahl,	&	Sjostrom,	2006)	 0	for	2.5	h					
		6	
(Table	2	continued)	Catalyst	 Coking	Rate	(mg/gcat/h)	5wt%	Fe/10MgO-Al2O3	5wt%	Fe/20MgO-Al2O3	5wt%	Fe/10CeO2-Al2O3	5wt%	Fe/20CeO2-Al2O3	5wt%	Fe/40CeO2-Al2O3	5wt%	Fe/50Mg-50Ce-O	5Fe/Al2O3	(Polychronopoulou,	Bakandritsos,	Tzitzios,	Fierro,	&	Efstathiou,	2006)	
0.88		0.86		0.71		0.57		0.33		0.52		0.90			
4wt%NiO-14.3%	MoO3/Al2O3	(Dou	et	al.,	2008)	 0.31	(523K)	–	0.52	(923K)	GG90B,	G90LDP,	G90EW,	C11-NK,	G1-25,	V1693	(Pfeifer	&	Hofbauer,	2008)	(commercial	Ni	catalysts)	 No	deactivation	after	10	h	Ni/Ca12Al14O33	(C.	Li,	Hirabayashi,	&	Suzuki,	2009b)	 No	deactivation	after	24	h,	With	H2S	deactivates	in	2	h	Ni/Ce-Zr02/Alumina	5	to	15wt%	of	CeZrO2	(Yu	et	al.,	2009b)	 No	deposition	in	7	h	Ni/α-Al2O3	(Ni/Ce0.75Zr0.25O2)	(..Zr0.15Mn0.1..)	(..Zr0.05Mn0.2..)	(Ni/Ce0.75Mn0.25O2)	(Bampenrat,	Meeyoo,	Kitiyanan,	Rangsunvigit,	&	Rirksomboon,	2010)	
10.5	4.45	0.13	0.2	0.23	
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(Table	2	continued)	Catalyst	 Coking	Rate	(mg/gcat/h)	NiO/Al2O3	Ilmenite	(Fe-Ti	oxide)	(Lind,	Berguerand,	Seemann,	&	Thunman,	2013)	
0.14	(973K);	<0.06	(1023-1148K)	0.19	(1073K)	–	0.31	(1123K)	
Sand	Olivine	(Nitsch	et	al.,	2013)	 0.1	<0.05	10wt%	Ni/Fe2O3-Al2O3	(Ashok	&	Kawi,	2014)	 21.2	2wt%	NiO/CeO2-Al2O3	2wt%	NiO/CeO/2%ZrO2-Al2O3	(Liang,	Zhang,	Wei,	Wang,	&	Liu,	2015)	
8.77	7.9	
CuO/MgAl2O4	CuO/ZrO2		NiO/α-Al2O3,	La0.8Sr0.2FeO3/γ-Al2O3,	Bauxite,	Fe2O3/MgAl2O4,	Ilmenite,	La0.8Sr0.2FeO3	unsupported,	Fe2O3/	α-Al2O3,	Mn3O4/ZrO2,	CaMn0.775Mg0.1Ti0.125O3-δ,	LD	Stone(Keller,	Leion,	Mattisson,	&	Thunman,	2014)	
36.5	(1023K),	55	(1073K),	150	(1123K)	22	(1023K),	59	(1073K),	93	(1123K)		<14.5	(1123K)	
	
1.2.2	Reaction	Order	It	is	common	for	researchers	to	assume	an	overall	first	order	kinetics	on	the	reformed	components	to	calculate	the	kapparent.	Li	et	al.,	Lu	et	al.	and	Narvaez	et	al	all	presented	data	that	showed	overall	first	order	on	the	reformed	tars.	(C.	Li	et	al.,	2009b;	Lu	et	al.,	2013;	Narva	́ez	et	al.,	1997)	But	some	researchers	took	a	different	approach	to	obtaining	a	kinetics	model	for	tar	reforming.	Bain	et	al.	fitted	their	data	with	a	first	order	model	for	catalyst	deactivation	and	both	first	and	second	order	models	for	the	reforming	kinetics.	However,	the	second	order	for	reforming	gave	negative	activation	energies.(Bain	et	al.,	2005)	Dou	et	al.	on	the	other	hand,	showed	that	the	experimental	matched	the	
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predicted	yields	computed	from	lumped	kinetics	models,	where	second	order	was	assumed	for	the	initial	tar	cracking,	first	order	for	reforming	to	primary	and	secondary	gas	products,	and	an	exponential	law	for	catalyst	decay.	(Dou	et	al.,	2008)	Simell	et	al.,	and	Oemar	et	al.	studied	tar	reforming	kinetics	using	Langmuir-Hinshelwood	model.	(Oemar,	Ming	Li,	Hidajat,	&	Kawi,	2014;	Simell,	Hirvensalo,	Smolander,	&	Krause,	1999)	Simell’s	group	found	that	their	experimental	data	matched	up	with	a	single-site	adsorption	model	for	benzene	(the	rate	determining	step),	with	hydrogen	inhibiting.	The	experimental	data	from	Oemar’s	group	showed	a	good	fit	to	a	dual-site	model	given	zero	order	kinetics	for	the	tar	and	0	to	1	order	kinetics	for	the	water.		
1.2.3	Effect	of	Water		 Most	researchers	reported	some	increase	in	reforming	activity	and	lower	coke	deposition	when	the	water	composition	is	increased.(Caballero	et	al.,	2000;	Coll,	Salvado	́,	Farriol,	&	Montane	́,	2001;	Furusawa	&	Tsutsumi,	2005;	C.	Li	et	al.,	2009b;	Sourabh	S.	Pansare	et	al.,	2008;	Yu	et	al.,	2009a)		However,	there	appears	to	exist	an	optimum	water	partial	pressure	for	certain	catalysts.	When	the	partial	pressure	exceeds	the	optimum,	the	activity	decreases,	e.g.,	for	Ni/Fe2O3-Al2O3.	(Ashok	&	Kawi,	2014)	According	to	Liang	et	al,	the	reformed	gas	yield	decreases,	as	the	water/model	tar	pressure	ratio	exceeds	3:1.	They	also	found	that	there	were	changes	in	the	microscopic	structure	of	the	catalyst	due	to	sintering	of	Ni	at	high	water	ratio.	(Liang	et	al.,	2015)	Li	et	al’s	results	showed	that	a	higher	water	content	increased	toluene	conversion	and	decreased	CO	yield.(C.	Li,	Hirabayashi,	&	Suzuki,	2009a)	
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1.3	Experimental	
1.3.1	Reforming	activity			 The	reactor	setup	included	mass	flow	controllers	(Tylan	MRC7,	MKS	1159A,	UFC-1500A,	UFC-1200A	and	UFC-1020)	to	prepare	the	gas	mixture,	a	syringe	attached	to	a	Harvard	Infusion/Withdrawal	Pump	Model	944	to	inject	water	into	the	gas	feed,	a	½”	stainless	steel	reactor	tube	packed	with	α-alumina	and	0.2	or	1	g	of	catalyst,	and	an	online	Agilent	6890N	Gas	Chromatograph	(GC)	to	analyze	the	gas	composition.	The	reactor	tube	was	heated	with	a	clamshell	furnace	[Teco	Model	F-5-1000,	320	watt]	whose	temperature	was	read	by	a	K	thermocouple	and	controlled	by	a	Eurotherm	818P	PID	controller.	Additional	K	thermocouples	were	placed	on	heated	lines	carrying	the	gases	to	and	from	the	reactor.	We	explored	two	reactor	feeds,	characteristic	of	either	an	air-blown	or	a	steam-blown	gasifier	effluent.	One	feed	was	51vol%	of	CO,	6%	of	propane,	11%	of	water,	26%	of	hydrogen,	with	some	traces	of	methane,	ethane	and	carbon	dioxide.	The	balance	was	nitrogen,	and	the	GHSV	(mL/min/gcat)	was	34000,	at	ambient	conditions.	The	water	volume	fraction	was	increased	to	20.6%	at	a	GHSV	of	40000	to	simulate	a	steam-blown	feed.	The	other	compounds	were	kept	in	the	same	ratio.		An	automated	sampling	valve	(Valco)	injected	a	1	mL	sample	into	the	GC,	which	by	using	switching	valves	and	four	columns	(Agilent	Technologies/Wasson	Instruments)	in	two	ovens	separated	all	compounds	from	hydrogen	to	water	and	propane.	Two	thermal	conductivity	detectors	were	used.	Further	details	on	the	GC	analysis	are	in	Appendix	A.		 The	reforming	pathway	is	undetermined.	It	includes	many	simultaneous	microkinetic	reactions.	However,	for	the	purposes	of	quantifying	the	major	pathways,	we	employed	five	main	reactions	to	represent	the	primary	reforming	activity	as	follows:	
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𝐻!𝑂 + 𝐶𝑂 ↔ 𝐶𝑂! + 𝐻!	 	 ξ1	𝐶𝐻! +  𝐻!𝑂 ↔ 𝐶𝑂 + 3𝐻!		 	 ξ2	𝐻!𝑂 + 𝐶 ↔  𝐻! + 𝐶𝑂		 	 ξ3	𝐶!𝐻! +  𝐻!  ↔  𝐶!𝐻! +  𝐶𝐻! 	 ξ4	𝐶!𝐻! +  𝐻!  ↔ 2𝐶𝐻! 		 	 ξ5		These	reactions	are	consistent	with	both	the	product	distribution,	and	with	the	assumptions	of	several	previous	works.(Corella	&	Sanz,	2005;	de	Lasa	et	al.,	2011;	Rui	Li,	2014;	Waheed	&	Williams,	2013)	The	ξ’s	are	the	calculated	molar	extents	of	reactions	for	these	5	reactions	in	gmol/min.	The	ξ’s	were	calculated	by	solving	the	component	mass	balances	simultaneously.(Oemar	et	al.,	2014)	The	yields	of	the	products	on	an	elemental	carbon	basis,	the	selectivity	to	C2	products	(from	propane),	and	the	propane	conversion	X	are	calculated	from	the	following	equations:	
𝑌 𝐶𝑂! = 𝜉!𝐶𝑂 !" + 𝐶𝑂! !" + 3 𝐶! !" + 𝐶𝐻! !" + 2 𝐶! !"	𝑌 𝐶𝐻! = 𝜉! + 2𝜉!𝐶𝑂 !" + 𝐶𝑂! !" + 3 𝐶! !" + 𝐶𝐻! !" + 2 𝐶! !"	𝑌 𝐶 = −𝜉!𝐶𝑂 !" + 𝐶𝑂! !" + 3 𝐶! !" + 𝐶𝐻! !" + 2 𝐶! !"	𝑋 𝐶! = 𝜉!𝐶! !" ×𝐺𝐻𝑆𝑉	𝑆 𝐶! = 𝜉! − 𝜉!𝜉! 	
		11	
1.4	Results	and	Discussion	
1.4.1	Reforming	Result	For	catalysts	that	were	tested	at	923K	with	low	water	in	the	feed	and	GHSV	34,000,	Fe/Ce3,	Pd/Ce7,	La/Ce3,	Mn/Ce4,	and	Re/Ce3/Zr54	showed	similar	reforming	activity	as	defined	by	multiplying	the	percentage	conversion	of	propane	by	the	GHSV.		This	metric	is	a	constant	with	respect	to	GHSV	for	a	differential	reactor	or	for	any	isothermal	reactor	if	the	kinetics	are	zero-order.		However,	at	high	conversions	(non-differential	reactor),	this	metric	would	go	through	a	maximum	with	respect	to	GHSV	that	is	dependent	upon	the	reaction	order.		Higher	positive	orders	would	give	a	more	pronounced	maximum.		Ni2/Ca/Mg2/Al	(a	typical	Ni-based	commercial	steam	reforming	catalyst)	showed	lower	activity,	and	severe	deactivation	and	coke	blockage	after	12	h	on	stream,	while	all	other	catalysts	showed	no	significant	deactivation.	This	is	the	most	important	result	of	the	experiments.	All	selectivities	and	yields	are	reported	in	Tables	3	(low	water)	and	4	(high	water).		From	the	Tables	it	is	seen	that	the	dominant	reactions	are	not	the	reforming	of	the	propane.		For	some	catalysts	water-gas	shift	is	dominant,	for	some	methanation,	for	some	coking.	The	C2	selectivities	are	only	reported	for	those	systems	with	reasonable	propane	conversions	(the	cutoff	is	GHSV*X	of	at	least	3000),	because	C2	is	only	made	from	propane,	and	at	low	propane	conversions	it	would	be	impossible	to	get	accurate	C2	selectivities.	The	average	relative	standard	deviation	for	the	CO2	and	CH4	yields	are	22%	and	99%.	The	calculated	ξ5	values	(Table	11	in	Appendix	B)	for	the	hydrocracking	of	ethane	were	positive	except	for	Mn/Ce4	and	La/Ce3.	In	other	words,	most	of	the	propane	reacted	to	at	least	give	CH4,	if	not	all	the	way	to	CO	and	H2.	
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As	for	Mn/Ce4	and	La/Ce3,	both	show	0%	(or	less)	CH4	and	carbon	yields	for	a	low	water	feed.	The	ξ5	and	ξ2	values	for	both	catalysts	are	both	negative,	which	means	that	CH4	is	being	used	up,	even	though	some	CH4	is	formed	from	the	propane.	The	negative	carbon	yields	mean	water	and	carbon	reacted	to	form	H2	and	CO,	in	the	case	of	Mn/Ce4	from	carbon	deposited	in	an	earlier	reaction	experiment.		Their	behavior	is	somewhat	similar	for	high	water	feed	(Table	4).		
Table	3.	Summary	of	averaged	C2	selectivities,	and	carbon,	CO2	and	CH4	yields	for	reaction	with	GHSV=34,000,	T	=	923K	and	feed:	53%	CO,	28%	H2,	10%	H2O,	3%	C3H8,	1%	CH4,	balance	N2.	Catalyst	 GHSV*X	 C2	Selectivity	 Carbon	Yield	 CO2	Yield	 CH4	Yield	Pd/Ce7	 16800	 -0.1%	 8.2%	 3.8%	 7.5%	Fe/Ce3	 18100	 10%	 8.2%	 8.1%	 6.9%	Mn/Ce4	 13800	 1.7%	 -28%	 8.8%	 -31%	La/Ce3	 16400	 -1.3%	 0.0%	 5.0%	 -5.5%	Ni2/Ca/Mg2/Al	 4000	 	 	 	 		Re/Ce3/Zr54	 14000	 -11%	 25%	 8.0%	 7.9%	Re/Ce3/Zr54	(998K)	 17400	 -9.1%	 25%	 7.4%	 8.8%	Mn0.2/Ce/Zrb	 960	 	 -0.04%	 12%	 2.2%	Mn4/Ce3/Lab	 2600	 	 8.0%	 13%	 8.3%	Fe/Ce3/Lab	 2100	 	 4.1%	 10%	 6.7%	Mn1.1/Ce3/Lab	 1800	 	 7.9%	 11%	 6.0%	
b	GHSV=7100	and	feed	condition:	51%	CO,	26%	H2,	11%	H2O,	6%	C3H8,	1%	CH4,	balance	N2.	The	same	catalysts	were	tested	with	high	water	feed	(GHSV	40,000	and	feed	condition:	46%	CO,	27%	H2,	21%	H2O,	2%	C3H8,	1%	CH4,	balance	N2).	Results	in	Figure	2	show	that	the	activity	for	both	La/Ce3	and	Re/Ce3/Zr54	decreased	significantly	compared	
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to	the	others.	The	deactivation	of	these	two	may	be	due	to	sintering	at	high	water	partial	pressure.(Rui	Li,	2014;	Liang	et	al.,	2015)		
Table	4.	Summary	of	averaged	C2	selectivities,	and	carbon,	CO2	and	CH4	yields	for	reaction	with	GHSV=40,000,	T	=	923K	and	feed:	46%	CO,	27%	H2,	21%	H2O,	2%	C3H8,	1%	CH4,	balance	N2.	Catalyst	 GHSV*X	 C2	Selectivity	 Carbon	Yield	 CO2	Yield	 CH4	Yield	Pd/Ce7	 14500	 -1.3%	 -2.1%	 18%	 12%	Fe/Ce3	 21500	 1.3%	 14%	 16%	 29%	Mn/Ce4	 11900	 9.1%	 3.0%	 14%	 7.0%	Mn/Ce4	(CO2)	 17000	 -0.6%	 -6.5%	 -9.2%	 -4.5%	Mn/Ce4	(H2S)	 500	 	 2.6%	 2.7%	 10%	Mn/Ce4	(H2S,	998K)	 6500	 26%	 5.5%	 6.1%	 12%	La/Ce3	 8300	 25%	 -3.5%	 12%	 12%	Re/Ce3/Zr54	(998K)	 6000	 -34%	 13%	 17%	 -1.6%	Re/Ce3/Zr54	(H2S,	998K)	 2600	 	 12%	 17%	 -5.4%	Mn0.2/Ce/Zrb	 5300	 -9.6%	 11%	 22%	 18%	Mn4/Ce3/Lab	 3300	 36%	 5.8%	 23%	 8.5%	Fe/Ce3/Lac	 -	 	 0.9%	 26%	 -5.8%	Mn1.1/Ce3/Lab	 1600	 	 4.9%	 10%	 5.7%	Mn1.1/Ce3/La	(998K)	b	 1800	 	 4.3%	 18%	 5.0%	
b	GHSV=7900	and	condition:	45%	CO,	24%	H2,	21%	H2O,	5%	C3H8,	1%	CH4,	balance	N2.	c	No	propane	in	feed:	48%	CO,	25%	H2,	22%	H2O,	1%	CH4,	balance	N2	
The	carbon	yields	for	most	of	the	catalysts	decreased	when	the	water	partial	pressure	increased,	except	for	Fe/Ce3	and	Mn/Ce4.		For	these	two,	neither	increase	was	
		14	
large.		The	CO2	yields	increased,	as	did	most	of	the	CH4	yields.	The	water	helps	reduce	the	amount	of	carbon	on	the	catalyst	by	reacting	it	to	hydrogen	and	CO.	It	also	reacts	CO	through	the	water-gas	shift	to	CO2,	which	also	gives	more	H2	that	can	be	used	to	hydrogenate	carbon	and	tars	to	methane.		Fe/Ce3	is	the	most	active	tar	reforming	catalyst	in	this	set,	as	the	activity	increased	over	that	of	the	previous	feed.	However,	carbon,	CO2	and	CH4	yields	increased	roughly	by	a	factor	of	two.	This	catalyst	may	not	therefore	be	a	good	catalyst	for	long-term	stability	or	for	maintaining	a	fixed	CO/H2	ratio.	The	Mn/Ce4	and	La/Ce3	catalysts	actually	look	better	from	an	overall	performance	standpoint.	
	Figure	1.	Catalyst	activities	reported	as	C3	conversion*GHSV,	with	10%	water	in	the	standard	syngas.		
		15	
	Figure	2.	Catalyst	activities	reported	as	C3	conversion*GHSV,	with	20%	water	in	the	standard	syngas	The	effects	of	CO2	(instead	of	CO),	additional	CH4	and	a	small	addition	of	H2S	were	examined	for	one	catalyst	only	(Mn/Ce4).	Introducing	CO2	instead	of	CO	in	the	feed	increased	the	reforming	activity	(Figure	3),	and	the	carbon	and	CH4	yields	decreased.	Therefore	CO2	is	entirely	beneficial	to	this	catalyst’s	operation.	Pansare	et	al.	found	similar	observation	for	WC,	where	15	vol%	of	CO2	had	a	positive	impact.(S.	S.	Pansare,	J.	G.	Goodwin,	&	S.	Gangwal,	2008)	Other	studies	by	Simell	et	al.	and	Li	et	al.	found	that	CO2	acted	as	a	reaction	inhibitor	due	to	dissociative	adsorption	of	CO2.(Rui	Li,	2014;	Simell,	Hepola,	&	Krause,	1997)	Also,	the	presence	of	CO2	absorbent	was	proved	to	increase	H2	production.(Polychronopoulou	et	al.,	2006)		
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	Figure	3.	Effects	of	water	and	hydrogen	sulfide	(40ppm)	on	the	activity	of	Mn/Ce4.	All	data	at	GHSV	=34000	–	40000.	However,	the	reforming	activity	decreased	significantly	when	H2S	was	present	in	the	feed	(Figure	3),	as	expected.(Engelen	et	al.,	2003;	C.	Li	et	al.,	2009a;	M.	Nacken,	L.	Ma,	K.	Engelen,	S.	Heidenreich,	&	G.	V.	Baron,	2007;	Yu	et	al.,	2009a)	Mn/Ce4	deactivates	quickly	at	the	lower	temperature,	923K.	However,	it	is	more	stable	and	active	at	a	higher	temperature.	The	C2	selectivity	dropped	to	0%,	the	CO2	yield	decreased	while	the	CH4	yield	did	not	change	significantly.	Given	the	low	carbon	yield	(Table	3),	the	deactivation	is	not	due	to	carbon	deposition	but	sulfur	poisoning.		In	the	presence	of	sulfur,	the	Re/Ce3/Zr54	catalyst	also	showed	severe	deactivation	after	20	h	(Figure	4).		
At	higher	catalyst	loads		(GHSV=7100-7900),	the	reforming	activities	decreased	for	both	low	and	high	water,	suggesting	product	inhibition	of	the	catalyst	(Figures	5	and	6).	But	there	is	no	obvious	single	inhibitor	based	on	the	results	in	Tables	2	and	3.	At	low	water	content	most	of	the	catalysts	gave	similar	reforming	activity.		Mn4/Ce3/La	showed	slight	deactivation	after	10	h	on	stream.	With	higher	water	in	the	feed,	most	catalysts	showed	no	
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significant	decrease	in	activity,	but	Mn0.2/Ce/Zr	was	much	more	active.	At	higher	water	content,	for	Mn0.2/Ce/Zr,	the	carbon,	CO2	and	CH4	yields	increased,	but	only	slightly.	
	Figure	4.	Effects	of	water	and	hydrogen	sulfide	(40ppm)	on	the	activity	of	Re/Ce3/Zr54.	All	data	at	GHSV	=34000	–	40000.		 Catalyst	Fe/Ce3/La	was	run	once	with	no	propane	in	a	high	water	syngas	feed	(Figure	7).	The	results	showed	that	the	CO2	yields	were	higher	(more	than	double)	than	for	a	standard	syngas	with	propane	feed.	This	is	consistent	with	the	doubling	of	this	yield	found	for	Fe/Ce3	previously,	when	propane	was	present	at	both	high	and	low	water	(see	Tables	1	and	2).		The	result	suggests	that	the	reforming	has	little	to	no	effect	on	the	more	primary	water-gas	shift.	The	carbon	and	CH4	yields	both	decreased,	for	carbon	as	expected	with	more	water	present.			The	increased	CH4	yield	proves	that	propane	is	a	source	for	some	of	the	CH4.	
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	Figure	5.	Catalyst	activities	reported	as	C3	conversion*GHSV,	with	10%	water	in	the	standard	syngas.		
	Figure	6.	Catalyst	activities	reported	as	C3	conversion*GHSV,	with	20%	water	in	the	standard	syngas.		
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	Figure	7.	CO2	yield	comparison	of	a	standard	syngas	test	and	syngas	test	without	propane	on	Fe/Ce3/La	with	GHSV=7100	(low	water)	and	7900	(high	water).		
1.4.2	Characterization	The	used	catalysts	were	characterized	by	both	TPO	and	H2	Chemisorption	(Table	5).		The	former	was	used	to	determine	the	amount	of	coke	deposited	on	the	catalyst.		The	latter	was	used	to	determine	if	a	separate	metal	crystallite	phase	was	present	in	the	used	catalysts.	
Fe/Ce3,	and	Pd/Ce7	had	the	highest	amounts	of	coke	according	to	TPO	results.		Even	though	these	catalysts	with	higher	activity	also	had	a	higher	rate	of	coke	deposition	than	the	nickel	catalyst,	the	coking	rate	does	not	seem	to	be	affecting	the	reforming	activity	much	because	they	were	more	active.		
For	Re/Ce3/Zr54,	the	TPO	results	don’t	seem	to	correspond	to	the	carbon	yields.	The	other	TPO	results	for	other	catalysts	seem	to	correspond	to	the	carbon	yield,	for	the	most	part.	For	Re/Ce3/Zr54	there	was	an	extended	reaction	period	(>1	day)	with	sulfur	
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present	at	the	end	of	the	trial,	and	the	sulfur	could	have	displaced	much	of	the	carbon.	A	correlation	between	TPO	results	and	calculated	carbon	yields	from	mass	balances	was	not	established,	because	of	the	well-known	problem	of	filamentous	carbon	displacement	from	heavily	coked	catalysts.	For	example,	in	the	case	of	Ni2/Ca/Mg2/Al	the	reactor	was	completely	blocked	with	carbon	by	the	end	of	the	trial,	but	most	of	it	could	not	be	collected	with	the	catalyst.		This	was	true	to	a	lesser	extent	for	Mn1.1/Ce3/La	and	Fe/Ce3/La.		
The	coking	rate	and	reforming	activity	were	also	compared	to	%	dispersion	calculated	from	the	chemisorption	measurements,	and	it	was	found	that	there	was	no	correlation	between	them.		All	of	the	dispersions	were	very	low,	and	this	indicates	that	metals	such	as	Pd,	Fe,	Mn	and	Re	must	have	remained	doped	in	the	REOs,	as	they	were	prior	to	reaction.(Rui	Li,	2014)		
Table	5.	Comparison	of	coking	result	from	TPO	to	calculated	carbon	yield	and	%	Dispersion	for	each	catalyst.	Catalyst	 Coke	(mg/mg	cat)	 Coking	rate	(mg/mg	cat-	h)	 Carbon	Yield	(10%	H2O)	 Carbon	Yield	(20%	H2O)	 %	Dispersion,	total	metal	basis	Pd/Ce7	 1.1	 0.044	 8.2	 0	 1.0	Fe/Ce3	 1.2	 0.055	 8.2	 14	 0.038	Mn/Ce4	 1.1	 0.013	 0	 3	 0.055	Ce3/La	 0.029	 0.0010	 0	 0	 -	Re/Ce3/Zr54	 0.24	 0.0026	 25	 13	 0.32	Ni2/Ca/Mg2/Al	 0.31	 0.026	 -	 -	 0.41	Mn1.1/Ce3/La	 0.50	 0.0067	 7.8	 4.9	 0.25	Mn4/Ce3/La	 0.98	 0.019	 8	 5.8	 0.58	Mn0.2/Ce/Zr	 0.050	 0.0014	 0	 11	 0.33	Fe/Ce3/La	 0.025	 0.00066	 4.1	 -	 0.068	
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1.4.3	Reaction	order	With	two	different	water	compositions	in	the	feed,	we	can	calculate	a	reaction	order	with	respect	to	water	assuming	first	order	for	propane.		The	water	concentration	itself	changes	little	within	the	reactor,	so	it	can	be	treated	as	a	constant.		A	PFR	is	assumed.	
− ln 1− 𝑋 = 𝑘𝐶!!𝜏	
The	propane	conversions	(X)	and	GHSV	of	two	runs	on	the	same	catalyst	can	be	ratioed	to	calculate	the	order	n	as	shown	below:	
𝑛 = 𝑙𝑛 ln (1− 𝑋!)ln (1− 𝑋!)𝐺𝐻𝑆𝑉!𝐺𝐻𝑆𝑉!𝑙𝑛 𝑝!!𝑝!! 	
Where	subscripts	1	and	2	are	for	runs	with	low	water	and	high	water	feed	respectively,	pw	is	the	partial	pressure	of	water,	and	X	is	the	propane	conversion.		
The	results	of	the	water	reaction	order	for	the	propane	reaction	are	shown	in	Table	6.	With	these	assumptions	and	the	low	propane	partial	pressures,	these	calculations	are	probably	no	more	accurate	than	the	relative	precision	of	the	conversions	themselves	(in	Table	6).		For	Fe/Ce3,	Mn/Ce4,	Mn4/Ce3/La,	Mn1.1/Ce3/La	and	Pd/Ce7	the	orders	are	<1	and	nearer	to	zero,	suggesting	no	effect	of	water	on	the	reforming.	The	Pd/Ce7	result	suggests	some	slight	competitive	inhibition	by	water,	due	possibly	to	elimination	of	oxygen	vacancies.		For	La/Ce3	and	Re/Ce3/Zr54,	the	high	negative	orders	signify	that	the	water	was	causing	changes	in	the	catalyst	structure	resulting	in	loss	of	surface	area	and	elimination	of	oxygen	vacancies.		Sintering	can	take	place	with	large	amounts	of	water	at	high	temperatures.(Liang	et	al.,	2015)	The	result	for	Mn0.2/Ce/Zr	cannot	be	explained	on	
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the	basis	of	coke	removal	(the	carbon	yields	are	actually	higher	with	20%	water,	see	Table	3).		At	this	time	it	cannot	be	explained.	
Table	6.	Summary	of	reaction	order	of	each	catalyst	with	respect	to	water,	calculated	based	on	1st	or	0th	order	kinetics	for	propane.	Catalyst	 1st	order	wrt	to	C3	 0th	order	wrt	to	C3	 Average	Relative	Standard	Deviation	of	Propane	Conversion	(%)	Pd/Ce7	 -0.9	 -0.5	 17	Fe/Ce3	 0.4	 0.4	 3	Mn/Ce4	 0	 0	 22	La/Ce3	 -2.2	 -1.7	 11	Re/Ce3/Zr54	(998K)	 -4.4	 -3.6	 30	Mn0.2/Ce/Zr	 2.3	 1.8	 16	Mn4/Ce3/La	 0.5	 0.4	 23	Mn1.1/Ce3/La	 0	 0	 16		
1.5	Conclusions		 	 In	terms	of	overall	performance,	Mn/Ce4,	Mn1.1/Ce3/La	and	La/Ce3	show	good	reforming	activity	with	relatively	low	carbon,	CO2	and	CH4	yields.	Propane	is	a	source	for	some	of	the	CH4	that	is	made.	A	test	with	Mn/Ce4	showed	that	it	does	deactivate	some	in	the	presence	of	40	ppm	H2S.	At	higher	catalyst	loads	(lower	GHSV),	the	precise	cause	of	reduced	reforming	activity	could	not	be	deduced,	although	it	appears	to	be	related	to	a	product	inhibition.	The	Mn-containing	REOs	showed	no	significant	effects	from	higher	water	content	and	higher	operating	temperature.		
Some	catalysts	gave	higher	calculated	rates	of	coke	deposition	than	a	commercial-type	Ni-containing	catalyst,	but	their	reforming	activity	remained	high	too,	unlike	that	of	the	Ni-
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containing	catalyst.	No	correlation	could	be	found	between	either	reforming	activity	or	carbon	yield	(calculated	from	the	mass	balances)	and	the	TPO	or	dispersion	results,	although	the	latter	did	show	that	the	transition	metals	remained	doped	in	the	REOs.	Most	catalysts	have	near	zero-order	kinetics	with	respect	to	water;	exceptions	are	Pd/Ce7	(slight	negative	order),	La/Ce3	(negative	order),	Re/Ce3/Zr54	(negative	order),	and	Mn0.2/Ce/Zr	(positive	order).	A	negative	order	suggests	that	water	inhibits	by	eliminating	some	oxygen	vacancies.		
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Chapter	2:	Educational	Modules	for	Biomass	Unit	Operations	
2.1	Biological	pH-Swing	Crystallization		
2.1.1	Introduction	to	crystallization	Laboratory	Assignment	#1	and	#2	Excel	solution	files	are	in	Appendix	C.	
Documentation	 Module	Use	 Expected	Learning	Outcomes/Objectives	Upon	completion	of	the	module,	students	will	be	able	to:	Biological	pH-Swing	Crystallization.pdf		Template	file	(xslx)			Assignments	file	(pdf)	
Laboratory	Course	Design	or	Unit	Operations	Class		
(1)	Estimate	the	common	supersaturation	and	crystallization	kinetics	parameters	from	flow	and	composition	data.		(2)	Relate	experimental	crystal	size	distributions	to	product	quality	metrics.	
The	 processing	 of	 biochemicals	 and	 pharmaceuticals	 is	 just	 as	 important	 to	Chemical	Engineering	today	as	petrochemical	production	and	oil	refining.		Such	processing	involves	 operations	 such	 as	 crystallization,	 ultracentrifugation,	 membrane	 filtration,	preparative	chromatography	and	several	others,	all	of	which	have	in	common	the	need	to	separate	large	from	small	molecules,	or	solid	from	liquid.		In	all	cases,	the	separations	are	energy	 intensive	 because	 the	 desired	 products	 are	 by	 necessity	 present	 in	 low	concentration	in	a	(usually	aqueous)	solvent.	
Of	these	biological	separation	operations,	crystallization	is	the	most	important	from	a	tonnage	standpoint;	 it	 is	commonly	employed	in	the	pharmaceutical,	chemical	and	food	processing	 industries.	 	 Important	 biochemical	 examples	 include	 chiral	 separations	(Wibowo,	 O'Young,	 &	 Ng,	 2004),	 purification	 of	 antibiotics	 (Genck)	 (Genck,	 2004),	separation	of	amino	acids	from	precursors	(Takamatsu	&	Ryu,	1988)(Takamatsu	and	Ryu,	1988),	 and	many	 other	 pharmaceutical	 (Kim	 et	 al.,	 2003;	Wang	&	Berglund,	 2000),	 food	
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additive	(Grön,	Borissova,	&	Roberts,	2003;	Hussain,	Thorsen,	&	Malthe-Sørenssen,	2001)	and	 agrochemical	 (Lewiner,	 Févotte,	 Klein,	 &	 Puel,	 2002)	 purifications.	 	 The	 control	 of	crystal	morphology	and	size	distribution	 is	critical	 to	overall	process	economics,	as	 these	factors	determine	the	costs	of	downstream	processing	operations	such	as	drying,	filtration,	and	solids	conveying.			
Our	 experimental	 crystallization	 apparatus	 enables	 study	 of	 key	 facets	 of	crystallization:		(a)	effects	of	key	parameters	such	as	supersaturation	and	cooling/heating	rates	 on	 solids	 content,	 morphology	 and	 crystal	 size	 distribution;	 (b)	 on-line	 control	 of	crystallization	 processes.	 	 The	 different	 classifications	 of	 crystallization	 include	 cooling,	evaporative,	 pH	 swing	 and	 chemical	modification.	 	While	 an	 on-line	 video	microscope	 is	widely	used	in	actual	crystallization	processes	to	monitor	morphology	and	size	distribution	(Barrett,	2003),	in	a	smaller	unit	such	as	this	we	often	use	an	offline	microscope	to	measure	from	10-1000	µ	crystal	sizes,	a	typical	size	range	for	crystallizations	of	biologicals.			The	current	experiment	 is	a	 “chemical	modification”	or	 “pH-swing”	crystallization,	generating	 salicylic	 acid	 (FW	 =	 160.1,	 a	 precursor	 of	 aspirin)	 crystals	 from	 the	 rapid	reaction	of	 aqueous	 solutions	of	 sodium	 salicylate	 (RM,	 FW	=	138.1)	 and	H2SO4	 (Franck,	David,	 &	 Villermaux)(Franck	 et	 al.,	 1988).	 	 It	 is	 similar	 in	 form	 to	 that	 of	 many	 other	biologicals			:	 Na+SAL−	+	0.5	H2SO4	à	SAL	(ppt)	+	Na+	+	0.5	SO42-																											(1)	
The	 solubility	 of	 SAL	 is	 only	 ~5.16	 g/L	 at	 crystallizer	 conditions	 (~323	 K	(Nordström	 &	 Rasmuson,	 2006),	 while	 sodium	 sulfate	 is	 very	 soluble,	 and	 assumed	 to	remain	in	solution.				
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This	 process	 has	 many	 characteristics	 in	 common	 with	 crystallizations	 of	 other	biologicals	such	L-ornithine-L-aspartate	(LOLA),	used	to	treat	chronic	liver	failure	(Kim	et	al.,	 2003)(Kim	 et	 al.,	 2003).	 	 However,	whereas	 the	 precursor	 L-ornithine	 hydrochloride	costs	>$300/kg	and	is	difficult	to	recycle,	sodium	salicylate	costs	~$50/kg,	and	the	salicylic	acid	 can	 be	 reused	 by	 rinsing	 and	 draining	 out	 the	 byproduct	 sodium	 sulfate,	 and	 then	reacting	 the	 salicylic	 acid	 with	 dilute	 NaOH	 solution	 (~0.25	 N)	 in	 the	 product	 tank,	followed	by	recycle.	
2.1.2	Laboratory	System	Overview	
The	 crystallization	 apparatus	 consists	 of	 two	 feed	 tanks,	 three	 variable	 speed	(peristaltic)	 pumps,	 a	 crystallizer,	 a	 circulating	 bath	 for	 temperature	 control,	 power	controller,	 product	 tank,	 and	 a	 makeup	 tank	 for	 feed	 regeneration.	 	 There	 are	 pH	 and	temperature	probes	on	the	crystallizer.		There	is	also	a	UV	spectrophotometer	with	a	fiber	optic	probe	(Ocean	Optics)	for	offline	analysis	of	the	dissolved	salicylate	ion	concentration,	along	with	miscellaneous	other	instruments,	valves	and	variable	speed	agitators.		A	P&ID	is	shown	as	Figure	8.		A	complete	list	of	the	equipment	tag	designations	can	be	found	below	as	Table	7.	
The	crystallization	itself	takes	place	in	a	baffled	~5	L	glass	vessel	equipped	with	an	air-driven	agitator,	 thermocouple,	pH	probe,	 sampling	port	and	extra	ports.	 	The	organic	(sodium	salicylate,	RM)	and	acid	 (sulfuric	acid,	0.25	M	=	0.50	N)	 solutions	are	 fed	 to	 the	crystallizer,	and	a	base	(sodium	hydroxide,	0.25	N)	solution	is	fed	to	the	product	tank	from	a	base	makeup	tank	to	convert	the	crystalline	product	back	to	RM.		Water	can	be	fed	to	the	makeup	tank	from	the	city	water	supply,	and	the	city	water	supply	is	also	used	to	make	up	the	 feed	 solutions.	 	 The	 crystallization	 can	 be	 run	 at	 any	 temperature	 from	 25-80°C,	
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although	the	kinetics	are	sluggish	below	40°C.	 	The	product	is	collected	from	an	overflow	line	so	that	the	level	is	maintained	constant.				
 Figure	8.	Process	and	Instrumentation	Diagram	(P&ID)	of	Crystallization	Apparatus		Table	7.	Tag	Descriptions	with	Engineering	Units.	P&ID	 TagName	 Description	 Engr	Unit		 A401	 Reactor	pH	 pH	FV1	 D401	 Product	Recycle	Solenoid	 Open/Closed	FV2	 D402	 Product	Drain	Solenoid	 Open/Closed	FV3	 D403	 Product	Water	Supply	Solenoid	 Open/Closed	FV4	 D404	 RM	Feed	Solenoid	 Recycle/Feed	FV5	 D405	 H2SO4	Feed	Solenoid	 Recycle/Feed		 F404	 RM	Flow	Rate	Control	 mL/min		 F405	 H2SO4	Flow	Rate	Control	 mL/min	DPT1	 L403	 Product	Tank	Level	 Percent		 T401	 Reactor	Temperature	 °C		 T402	 Bath	Temperature	Control	 °C		 	 	 		
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2.1.3	Some	Notes	on	the	Analytical	Methods	
The	salicylic	acid	concentration	can	be	determined	gravimetrically.		Samples	(10-15	mL,	 typically)	are	 taken	 from	either	 the	entrance	of	 the	product	 tank	or	 from	the	sample	port	of	the	crystallizer.		After	centrifuging	and	decanting	the	solution	it	can	be	used	for	RM	spectrophotometric	 analysis.	 	 The	 crystals	 are	 not	washed,	 but	 they	 are	 dried	 in	 a	 static	oven	at	60ºC	 for	 two	days.	 	Much	effort	was	devoted	 to	determining	 this	 optimal	drying	sequence	–	at	too	high	of	a	drying	T	the	SAL	will	begin	to	decompose.		At	too	low	of	a	T	even	two	days	is	not	enough	to	complete	the	drying.			
The	crystals	are	typically	needle	shaped.	 	The	key	dimension	is	 length.	 	The	length	distribution	 of	 representative	 samples	 is	 determined	 microscopically,	 using	 a	 light	microscope,	reticle,	and	image	measuring	software.		
The	pH	and	UV	probes	are	calibrated	with	standard	solutions	prior	to	each	run.				
2.1.4	Theories	of	Crystal	Growth	
Any	Unit	Operations	textbook	(e.g.,	McCabe	et	al.,	2005)(McCabe,	Smith,	&	Harriott,	2005)	or	other	general	source	on	crystallization	(e.g.,	Mersmann	et	al.,	2001)(Mersmann,	Heyer,	 &	 Eble,	 2001)	 discusses	 both	 homogeneous	 and	 heterogeneous	 mechanisms	 for	initially	generating	 (“nucleating”)	crystals,	but	only	heterogeneous	nucleation	 takes	place	here.	 	 It	 is	 the	more	 common	mechanism.	 	 Both	 existing	 “seed”	 crystals	 and	 other	 solid	surfaces	 such	 as	 the	 agitator	 and	 baffles	 can	 catalyze	 heterogeneous	 nucleation.	 	 In	 this	case	both	(seed	and	solid	surfaces)	are	present	even	at	time	=	0.		Either	a	small	amount	of	crystals	 are	 added	 (if	 the	 crystallizer	was	 cleaned	 completely),	 or	 there	 are	 still	 crystals	adhering	to	the	baffles	and	agitator	from	the	previous	batch.	
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2.1.4.1	The	crystal	size	distribution	(CSD)	and	its	relation	to	growth	parameters			 	Let	n	be	the	number	density	of	crystals,	defined	as:	
n	=	number	density	=	number	of	crystals	per	total	volume	(the	“magma”	in	 	 	crystallization	terminology)	at	a	particular	L	 	 	 	 (2)	
				n	=		d(N/V)/dL	 	 	 	 	 		 	 	 (3)	
Then	 the	 nucleation	 rate	 B0	 is	 often	 expressed	 as	 initial	 growth	 in	 the	 key	 linear	dimension	(L)	per	unit	time	(t)	times	the	number	density	of	just-formed	crystals	(n0).		The	subsequent	growth	rate	G	is	expressed	as	dL/dt.		An	example	of	L	would	be	the	radius	for	a	spherical	crystal	or	 the	 length	of	needle-shaped	crystal.	 	The	relation	between	B	and	G	 is	then	by	definition:	
B0	=	n0	G	 (4)	
where	n0	is	the	number	density	for	just-formed	(essentially,	L	=	0)	crystals.	
The	 birth	 rate	 can	 be	 empirically	 correlated	 with	 key	 physical	 and	 operational	parameters	by	(Garside,	1985):	
B0	=	KB	[F(geometry)]	ΔCb	Mj	Nh	 (5)	
where	ΔC	 is	 the	 supersaturation	 (liquid	 concentration	 of	 solute	 is	 excess	 of	 equilibrium	solubility),	N	is	stirrer	speed,	and	Mj	is	the	jth	moment	of	the	crystal	size	distribution.		For	typical	agitated	crystallizers,	j	and	h	are	both	~3,	and	the	geometry	function	is:	
F(geometry)	=	p	Ds5/V	 (6)	where	p	is	propeller	pitch,	Ds	is	stirrer	diameter,	and	V	is	liquid	volume.	
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The	 crystal	 growth	 rate	 is	 primarily	 a	 function	 of	 supersaturation,	 and	 is	 usually	correlated	as:	
G	=	kg		ΔCg	 (7)	
The	 function	 G	 can	 also	 be	 written	 in	 terms	 of	 series	 mass	 transfer	 and	 kinetic	(reaction	at	 the	 interface)	 resistances	 (McCabe	et	 al.,	 2005),	 as	 is	 standard	 in	 theories	of	simultaneous	mass	transfer	-	reaction.		
The	powers	b	and	g	are	system	specific.		The	ratio	of	the	two,	b/g,	is	often	called	the	“relative	 kinetic	 order”,	 i.	 	 Because	 B0	 and	 G	 both	 depend	 upon	ΔC,	 if	ΔC	 is	 constant	 at	constant	T,	N,	geometry	etc.,	then	B0	and	G	can	be	related:	
B0	=	KR	Gi		 (8)	These	 equations	 (5)-(11)	 strictly	 apply	 only	 to	 a	 special	 type	 of	 crystallizer,	 a	“MSMPR”	(Mixed	Suspension,	Mixed	Product	Removal)	crystallizer.		In	an	MSMPR,	both	the	liquid	and	solid	phases	are	perfectly	mixed.		It	is	analogous	to	the	“Continuous	Stirred	Tank	Reactor”	 in	 chemical	 reactor	 design.	 	 Industrial	 crystallizers	 seldom	 (if	 ever)	 approach	MSMPR	behavior,	but	the	concept	is	useful	in	bench-	and	pilot-scale	units,	in	part	because	it	provides	an	easy	way	to	estimate	key	parameters	such	as	G	and	B0.	Note	that	the	power	“i”	in	these	correlations	usually	varies	between	2	and	6.	
2.1.4.2	How	a	CSD	for	an	MSMPR	crystallizer	can	be	obtained	from	the	General	
Population	Balance		Because	 the	 number	 density	 (n)	 is	 a	 non-normalized	 probability	 density	 function	with	respect	to	L,	then	n	dL/(Σn	dL)	represents	the	fraction	of	crystals	at	any	particular	L	
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to	L+dL.		Let	this	fraction	be	called	ψ.	 	Then	a	mass	balance	on	the	fraction	in	any	control	volume	gives:	
Amount	of	ψ	accumulated	=		 +			flow	of	ψ	in		
– flow	of	ψ	out		+			ψ	generated	per	time	by	birth		+			ψ	gained	per	time	by	growth		 		
– ψ	lost	per	time	by	growth.	
This	 type	of	mass	balance,	where	 the	conserved	quantity	 is	a	 fraction	 (a	 “probability”)	 is	called	 a	 “population	 balance”,	 often	 the	 “General	 Population	 Balance”	 model.	 	 The	population	 balance	 is	 needed	 here	 because	we	wish	 to	 find	 the	 number	 density	 n	 (or	ψ	itself),	 provided	 by	 the	 solution	 of	 this	 infinite	 set	 of	 equations,	 one	 equation	 for	 each	fraction.	
The	last	two	terms	in	the	General	Population	Balance	give	(for	all	except	the	L	=	0	fraction):		-Δ(G’	ψ),	where	G’	is	the	normalized	growth	function	(made	dimensionless	with	respect	to	L).		Often	the	mass	balance	is	written	in	terms	of	n,	not	ψ.		We	can	convert	to	n	and	simplify	the	population	balance	for	the	crystallizer	by	the	following	steps:	
(a) Multiply	all	terms	by	(Σn	dL)/dL	.	
(b) Recognize	that	the	birth	function	(B)	only	applies	to	n0,	so	in	general	we	set	B	=	0	(for	the	zeroth	equation,	n	=	n0	at	L	=	0,	which	becomes	an	initial	condition).	
(c) Recognize	that	flow	of	ψ	is	given	by	ψ	Q/V,	where	Q	is	volumetric	flow	rate	(fraction	per	time).	
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The	final	result	is:	
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For	an	MSMPR	crystallizer	there	is	no	accumulation,	Qin	=	Qout,	and,	because	we	are	perfectly	mixed,	G	is	a	constant.		So	the	general	population	balance	becomes:	
τG
n
dL
dn
−= 	 (10)	
Where	τ	is	the	space	time	(V/Q).		Using	the	initial	condition	and	eq.	(4)	this	is	easily	solved	to	give:	
n	=	(B0/G)	exp[-L/(G	τ)]	 (11)	
The	 applicability	 of	 the	 MSMPR	 model	 and	 its	 use	 in	 determining	 the	 fundamental	kinetics	parameters	are	the	subjects	of	some	of	the	assignments	for	this	module.		Note	that	Eq.	 (11)	 predicts	 an	 exponential	 distribution	 for	 the	 number	 density	 produced	 in	 an	MSMPR	distribution,	with	an	average	L	=	G	τ	.		However,	even	very	well	mixed	crystallizers	often	fail	to	show	a	measured	exponential	distribution	for	“n”,	for	several	reasons:	
(1) solvent	occlusion	makes	crystals	look	bigger	than	they	really	are;	
(2) smaller	crystals	are	more	soluble	than	larger	ones	(by	the	Kelvin	relation);	
(3) it	is	often	difficult	to	distinguish	agglomerated	crystals	in	microscopic	examination;	
(4) it	can	be	difficult	to	quantify	smaller	crystals	in	particle	counters.		
Note	that	the	phenomena	of	(1)-(4)	would	all	tend	to	shift	the	crystal	size	distributions	such	 that	 smaller	 sized	 crystals	disappear	or	 are	undercounted.	 	 Therefore	 the	observed	
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size	distributions	would	appear	more	normal	(or	 log	normal),	even	in	the	absence	of	any	particle	classification	devices.		But	real	crystallizers	often	include	particle	size	classification	devices,	 and	 therefore	 are	 even	more	 likely	 to	 give	 narrower	 normal	 or	 log	 normal	 size	distributions.			
2.1.5	The	Chemistry	of	Salicylic	Acid	Crystallization	
The	 chemistry	 implied	by	 reaction	 (1)	 is	 actually	 a	 quite	 simplified	description	of	the	actual	crystallization.		The	reactions	taking	place	are	as	follows	(the	K’s	will	be	used	to	denote	the	reaction	equilibrium	constants).	
Dissociation	of	H2SO4	H2SO4	↔	HSO4-	+	H+				Complete	dissociation,	K	is	infinite	HSO4-	↔	SO42-	+	H+						 KHSO4-	Dissociation	of	salicylic	acid	(SAL)	SAL	↔	SAL-	+	H+										 KSAL	H2O	↔	OH-	+	H+							 	 KW	
Because	 the	 SAL	 solubility	 in	 water,	 KHSO4-,	 KSAL	 and	 KW	 are	 all	 known	 over	 the	temperature	range	of	crystallization	(Bandura	&	Lvov,	2006;	Dickson,	Wesolowski,	Palmer,	&	Mesmer,	1990;	Meloun	et	al.,	2010;	Nordström	&	Rasmuson,	2006),	while	RM	dissociates	completely	at	these	conditions,	it	is	actually	possible	to	solve	the	equilibrium	relationships	in	conjunction	with	the	SAL	solubility	relationship	and	the	reactor	mass	balances.	 	 In	this	manner	 the	 yield	 of	 crystals	 as	 a	 function	 of	 pH	 (or	 vice	 versa)	 can	 be	 predicted	 at	
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equilibrium.	 	 The	 application	 of	 this	 analysis	 and	 its	 relevance	 to	 actual	 data	 are	 the	subjects	of	other	assignments	for	this	module.	 
2.1.6	Laboratory	Assignment	#1	For	 the	 crystallization	 of	 salicylic	 acid	 (S)	 from	 sodium	 salicylate	 (RM),	 we	 will	examine	the	kinetics	of	crystallization	as	a	function	of	feed	flow	rate,	at	constant	agitation	speed	 and	 temperature.	 	 Averaged	 data	 for	 flow	 rate,	 temperature,	 pH,	 average	 crystal	length,	 salicylic	 acid	 (crystal)	 concentration,	 and	 salicylate	 ion	 (dissolved)	 concentration	are	 given	 in	 the	 Excel	 file	 “Salicylic	 Crystallization	 Template”,	 sheet	 #1.	 	 The	 data	 were	taken	by	two	separate	groups	at	different	times	of	the	year.		For	 each	 run,	 assuming	 the	 reactor	 behaves	 as	 an	 MSMPR	 crystallizer,	 determine	 the	following.		(1) Compute	the	residence	time,	growth	rate	function	G,	amount	of	supersaturation	in	the	aqueous	phase	ΔC,	birth	function	B0,	and	the	crystal	yield	on	both	a	product	and	a	feed	basis.		Define	yield	on	a	feed	basis	as:	
fedsalicylatemols
productcrystalmolsY =1 	
And	on	a	product	basis	as:	
productsalicylatedissolvedmolsproductcrystalmols
productcrystalmolsY
+
=2 	
Determine	the	%	error	in	the	mass	balance	on	salicylate.		
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(2) What	might	 the	 differences	 in	 Y1	 and	 Y2,	 and	 the	%	 error	 in	 the	mass	 balances,	suggest	about	possible	measurement	errors	in	the	system?		Possible	human	errors?		(3) 	From	 the	 growth	 rate	 function	 G	 estimate	 the	 power	 “g”	 in	 Eq.	 (7).	 	 Do	 this	individually	 for	 both	 data	 sets.	 	 From	 the	 birth	 and	 growth	 rate	 functions	 estimate	 the	power	“i”	in	Eq.	(8).		Do	this	individually	for	both	data	sets.		Franck	et	al.	report	a	power	“g”	of	~3	and	“i”	of	~6	for	this	system	(Franck	et	al.)	using	highly	sterile	conditions.		What	do	your	values	suggest	about	 these	 two	data	sets	 (i.e.,	what	 factors	might	be	 influencing	 the	growth	 and	 birth	 functions	 that	 have	 not	 been	 accounted	 for)?	 	 Could	 the	measured	 pH	values	help	in	making	this	determination?		How?		(4) When	 students	 tried	 to	 position	 a	 UV	 probe	 to	 measure	 dissolved	 salicylate	 ion	concentration	 in	 the	working	 reactor	 (as	 a	 test,	 even	 though	 such	absorbances	would	be	outside	 the	Beer-Lambert	 Law	 range	 for	 the	 aqueous	 salicylate	 ion),	 they	 found	 that	 the	absorbance	continually	increased.			Why?		When	they	took	slurry	samples	(for	gravimetric	analysis)	from	within	the	reactor	instead	of	from	the	exit	line,	they	found	better	closure	for	the	mass	balance,	as	long	as	the	sample	was	of	sufficient	size	and	was	taken	not	too	close	to	a	baffle.		Why?		
2.1.7	Laboratory	Assignment	#2	 	For	 the	 crystallization	 of	 salicylic	 acid	 (S)	 from	 sodium	 salicylate	 (RM),	 we	 will	examine	the	kinetics	of	crystallization	as	a	function	of	feed	flow	rate,	at	constant	agitation	speed	 and	 temperature.	 	 Averaged	 data	 for	 flow	 rate,	 temperature,	 pH,	 average	 crystal	
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length,	 salicylic	 acid	 (crystal)	 concentration,	 and	 salicylate	 ion	 (dissolved)	 concentration	are	 given	 in	 the	 Excel	 file	 “Salicylic	 Crystallization	 Template”,	 sheet	 #2.	 	 The	 data	 were	taken	by	two	separate	groups	at	different	times	of	the	year.		For	 each	 run,	 assuming	 the	 reactor	 behaves	 as	 an	 MSMPR	 crystallizer,	 determine	 the	following.		(1) Compute	the	residence	time,	growth	rate	function	G,	amount	of	supersaturation	in	the	aqueous	phase	ΔC,	birth	 function	B0,	and	the	crystal	yield	on	a	product	basis.	 	Define	yield	as:	
productsalicylatedissolvedmolsproductcrystalmols
productcrystalmolsY
+
= 	
Determine	the	%	error	in	the	mass	balance	on	salicylate.		(2) If	 your	 calculations	 for	 ΔC	 and	 Y	 do	 not	 follow	 the	 expected	 pattern,	 what	 are	possible	 causes?	 	 You	 might	 want	 to	 try	 some	 parametric	 variation	 of	 the	 following	experimental	 quantities	 (i.e.,	 move	 them	 up/down	 by	 say	 10%	 and	 look	 at	 how	 the	calculated	 results	 change):	 	 RM	 feed	 concentration;	 both	 feed	 rates;	 C	 of	 RM;	 C	 of	 SAL	(crystals).	 	 Based	 on	 these	 results,	 if	 you	 were	 asked	 which	 of	 these	 is	 the	 most	 likely	measurement	error,	which	would	it	be	for	the	CRYST3	data?		For	the	CRYST1	data?			(3) Particle	 length	data	 for	needle-shaped	crystals	 (taken	with	an	optical	microscope)	are	 shown	 for	 run	CRYST3	 in	 the	Excel	 file	 “Salicylic	Crystallization	Template”,	 sheet	#3.		Using	these	data,	determine	the	crystal	size	density	function:	
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n	=		d(N/V)/dL		To	do	this	you	must	use	the	zeroth	moment	of	the	CSD	to	get	the	volume	“V”	of	the	crystals.		The	“V”	is	determined	such	that	the	zeroth	moment	of	the	distribution	matches	the	molar	density	of	SAL,	because	the	sample	includes	crystals	only.		In	other	words:	
∫
⎟
⎠
⎞
⎜
⎝
⎛
= Ld
Ld
V
Nd
SALM )(ρ 	
Compute	the	first	and	second	moments	of	the	CSD,	the	standard	deviation	and	average	of	crystal	 size	 from	 the	 raw	 data,	 and	 the	 average	 L	 on	 both	 a	 length	 basis	 (first	moment/zeroth	moment)	and	a	surface	area	basis	(second	moment/first	moment).	 	Note	that	 the	 average	 L	 on	 a	 length	 basis	 should	 be	 close	 to	 the	 average	 using	 the	 raw	microscope	data,	assuming	your	calculation	of	the	CSD	is	OK.	Use	whatever	numerical	methods	you	are	familiar	with	in	order	to	perform	the	necessary	differentiation	and	integrations.		(4) Prepare	a	histogram	of	 the	 three	CSDs.	 	Using	 this	graph	and	the	results	 from	(3),	discuss:	 	(a)	whether	the	CSDs	are	of	the	expected	form;	(b)	whether	these	results	follow	the	expected	trends	with	respect	to	flow	rate.		If	they	don’t,	speculate	as	to	why	not.		To	aid	your	determination,	regress	the	CSD	function	(Eq.	(8),	but	skip	the	1st	point)	and	plot	the	data	and	the	regressed	function,	and	use	the	regressed	function	to	compute	G,	which	can	be	compared	to	the	G	computed	from	the	average	only.		What	does	this	comparison	tell	you?			
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2.1.8	Other	Exercises	and	Its	Solution	(1) Show	 how	 the	 equation	 for	 the	 average	 of	 L	 is	 computed	 from	 the	 exponential	probability	density	function	(Eq.	11).		Explain	how	you	could	use	these	values	to	determine	how	closely	the	exponential	distribution	is	actually	followed	in	experimental	results	of	the	type	shown	in	the	Excel	file,	“Salicylic	Crystallization	Template”,	sheet	#1.		Is	the	expected	variation	 with	 respect	 to	 flow	 rate	 for	 the	 average	 L	 actually	 followed	 by	 the	 data	 of	CRYST3	and	CRYST2?	SOLUTION:	The	CSD	is:	n	=	(B0/G)	exp[-L/(G	τ)]	This	 is	 a	 non-normalized	 (probabilities	 don’t	 add	 to	 1)	 probability	 density.		Therefore	to	find	the	average	of	L	we	must	divide	the	first	moment	by	the	zeroth	moment:	
∫
∫
∫
∫
∞
∞
∞
∞
⎟⎟
⎠
⎞
⎜⎜
⎝
⎛
−
⎟⎟
⎠
⎞
⎜⎜
⎝
⎛
−
==
0
0
0
0
exp
exp
dL
G
L
dL
G
LL
dLn
dLnL
L
τ
τ 			
Integrating:	
( )
( )
0
0
2
exp
exp1
∞
∞
⎥
⎦
⎤
⎢
⎣
⎡
⎟⎟
⎠
⎞
⎜⎜
⎝
⎛
−
⎥
⎦
⎤
⎢
⎣
⎡
⎟⎟
⎠
⎞
⎜⎜
⎝
⎛
−⎟⎟
⎠
⎞
⎜⎜
⎝
⎛
+
=
τ
τ
ττ
τ
G
LG
G
L
G
LG
L 	
Which	simplifies	to:	
τGL = 	
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For	the	data	sets	CRYST3	and	CRYST2,	 the	T,	agitation	rate	and	feed	compositions	are	 the	 same.	 	 Therefore	 the	 calculated	 growth	 rate	 should	 be	 constant,	 i.e.,	 average	 L	should	 be	 directly	 proportional	 to	 residence	 time,	 τ.	 	 From	 the	 data,	 the	 trends	 for	 both	data	sets	are	correct,	but	the	values	of	G	vary	somewhat,	by	37%	for	CRYST3	and	by	33%	for	CRYST2.			(2) How	 much	 heat	 (kJ)	 must	 be	 added	 or	 removed	 per	 kg	 of	 crystal	 product	 for	 a	typical	 crystallization	 (say,	 RUN3	 of	 the	 CRYST1	 data	 set	 in	 the	 Excel	 file,	 “Salicylic	Crystallization	 Template”,	 sheet	 #2).	 	 The	 NIST	 Chemistry	 Webbook	(http://webbook.nist.gov/chemistry/)	gives	the	following	thermodynamic	data:	
ΔHr	=	 -118.4	 kJ/mol	 for	 the	 crystallization	 as	 in	Eq.	 (1)	 at	 298	K,	 but	 all	 products	 liquid	phase	
ΔHfusion	(SAL)	=	25	kJ/mol	at	298	K	Cp	(SAL)	=	160	J/(mol•K)	Cp	(Na2SO4)	=	130	J/(mol•K)	Approximations:	 	Assume	no	heat	 losses	to	atmosphere,	and	neglect	the	enthalpies	of	the	small	amounts	of	residual	RM	and	H2SO4	(just	lump	them	with	water).	Examining	 the	 data	 of	 CRYST1,	 what	 does	 your	 calculation	 suggest	 as	 to	 what	conditions	this	crystallizer	should	be	operated	at,	economically?		Explain.					SOLUTION:	Let’s	 take	an	enthalpy	 reference	T	of	 the	 feed	T,	which	would	be	 close	 to	298.2	K	anyway.	 	Therefore	the	thermodynamic	cycle	used	is	reaction	and	crystallization	at	298.2	K,	then	raising	the	enthalpy	of	the	product	stream	to	the	crystallizer	T.		This,	along	with	the	
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2nd	assumption	in	the	problem	statement,	eliminates	any	need	for	the	enthalpies	of	H2SO4	or	RM.		The	only	other	assumption	needed	is	to	assume	that	the	heat	of	crystallization	at	T	of	the	crystallizer	is	approximately	the	same	as	-ΔHfusion	at	298	K.		This	ignores	any	heat	of	dilution	associated	with	dissolution	of	crystals,	but	heats	of	dilution	are	typically	small	for	most	organic	salts	in	water	anyway,	relative	to	the	heat	associated	with	the	phase	change	(might	want	to	specify	this	in	the	problem).	With	 these	 assumptions,	 the	 energy	 balance	 on	 the	 crystallizer	 becomes	 (Qt	 is	 the	 total	volumetric	 flow	 rate,	 which	 is	 assumed	 to	 be	 the	 sum	 of	 the	 feed	 rates;	 Qh	 is	 the	 heat	transfer	rate	per	mass	feed;	ρ	is	the	density):	
( ) ( )
( )[ ]( )2985.0 42 −++
=+Δ++Δ−
TCCCCCCQ
QQCQHCCQH
SOpNaSALpSALSALpwwt
thSALtfusionSALNaSALtr ρ 	
Note	that	from	the	stoichiometry	of	the	reaction	the	concentration	of	Na2SO4	is	50%	that	of	SAL.		For	Run	3	of	CRYST1,	T	=	47°C,	Qt	is	0.167	L/min,	CRM	=	2.56	x	10-2	mol/L	and	CSAL	=	0.144	mol/L.	Using	 the	2nd	assumption	 in	 the	problem	statement,	assuming	no	volume	changes,	and	using	the	correct	molecular	weights,	we	can	estimate	Cw	as:	Cw	=	[990	g/L	–	(0.144)(138.1)	–	(0.5)(0.144)(142.1)]/(18	g/mol)]	=	53.3	mol/L	Using	a	Cp	of	water	of	75.3	J/(mol•K),	the	RHS	of	the	energy	balance	is	14966	J/min,	and	the	 sum	 of	 the	 reaction	 and	 crystallization	 terms	 gives	 3950	 J/min,	 which	 leads	 to	 a	calculated	Qh	of:	Qh	=	(14966	–	3950)	(J/min)(kJ/1000J)/[(0.167	L/min)(990	g/L)(kg/1000	g)]	=			67	kJ/kg	(added)	
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This	Qh	was	calculated	for	the	highest	flow	rate.		Examining	the	data	of	CRYST1,	it	is	evident	that	the	yield	at	the	highest	flow	rate	appeared	to	be	the	best.		Since	the	calculation	for	Qh	is	independent	of	the	flow	rate	(examine	the	energy	balance),	it	would	seem	that	we	should	run	at	the	highest	flow	rate.		(3) For	aqueous	 salicylate,	 the	CRC	Handbook	 (63rd	Ed.,	1982-83)	gives	 the	 log	of	 the	molar	absorptivity	(log	ε)	as	~3.6	for	its	peak	near	300	nm.		Using	this	value	and	the	Beer-Lambert	 law	 for	 absorption	 spectroscopy,	 determine	 the	 salicylate	 concentration	 that	would	give	 an	absorbance	A	~	0.5	 in	 the	UV	probe	of	 this	 experiment,	which	has	 a	path	length	of	10	mm.		For	an	average	series	of	experiments	(say	CRYST3),	by	how	much	must	the	samples	from	the	crystallizer	be	diluted	to	give	an	absorbance	in	this	range?	SOLUTION:	The	molar	absorptivity	is	given	in	units	such	that	l	(path	length)	and	C	(the	chromophore	concentration)	are	in	units	of	cm	and	mol/L,	respectively.	Therefore:		C	=	A/[10logε	l	]	=	1.26	x	10-4	mol/L	Where	 A	 is	 absorbance.	 A	 typical	 sample	 dilution	 (using	 averaged	 C(RM)	 from	 CRYST3	data)	would	therefore	be:			(6	x	10-2)/(1.26	x	10-4)	=	476	~500	So	the	samples	should	be	diluted	roughly	by	a	 factor	of	500	to	ensure	that	we	are	operating	in	the	linear	range	of	absorbance.		(4) Determine	the	precision	(uncertainty)	of	a	calculation	for	“G”	by	the	propagation	of	error	analysis	(assume	uncorrelated	errors)	for	data	of	a	single	experimental	run	(Run	3)	
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from	CRYST2	(in	sheet	#4	of	the	Excel	file,	“Salicylic	Crystallization	Template”).		Report	the	precision	in	%.	Which	measurements	are	critical	to	the	calculation	of	G?	Previous	efforts	to	regress	G	to	a	theoretical	model	suggest	that	there	is	at	least	9%	error	in	G-measurement	for	this	data	set.		How	much	of	this	error	is	explainable	taking	into	account	the	precision	of	the	underlying	measurements	used	to	find	G?		What	might	account	for	the	remaining	error?		Explain	your	reasoning.		Background:	 	 Any	 basic	 text	 on	 probability/statistics	 discusses	 propagation	 of	 error	 and	how	to	obtain	the	error	(precision)	associated	with	a	function	of	more	than	one	measured	variable.		However,	these	concepts	are	also	discussed	on	several	websites,	e.g.	http://www.itl.nist.gov/div898/handbook/mpc/section5/mpc55.htm		http://ipl.physics.harvard.edu/wp-uploads/2013/03/PS3_Error_Propagation_sp13.pdf		http://www.physics.ohio-state.edu/~gan/teaching/spring04/Chapter4.pdf		SOLUTION:	The	formula	for	propagation	of	uncertainty,	uncorrelated	errors,	is:	
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∑ 	Where	ur	is	the	desired	uncertainty,	Xi	is	an	independent	variable	(measurement),	and	r	is	the	model	for	the	desired	quantity.		In	this	case,	G	=	L/τ	=	L•Qt/V,	where	L	is	crystal	length,	V	is	volume,	and	Qt	is	total	volumetric	flow	rate.		As	V	has	only	a	single	measurement,	we	assume	it	is	error-free,	so	ur	is	obtained	as:	
		43	
5.0
2
2
2
2
⎥
⎥
⎦
⎤
⎢
⎢
⎣
⎡
⎟
⎠
⎞
⎜
⎝
⎛+⎟
⎠
⎞
⎜
⎝
⎛= QtL
t
r uV
Lu
V
Qu 	
For	the	uncertainties	of	the	individual	measurements	the	variances	can	be	used.		The	averages	and	variances	of	the	data	in	SHEET4	are:		L,	109	µm	and	4985	µm2;	Qt,	71.9	mL/min	and	0.546	mL2/min2.		NOTE:		The	number	average	of	the	raw	L’s	in	SHEET	4	was	used.		The	average	L’s	in	the	summary	data	in	SHEET	1	were	computed	on	a	surface	area	basis,	so	don’t	expect	these	two	numbers	to	match.	The	average	G	comes	to	3.92	µm/min,	ur	=	2.54	µm/min,	so	the	relative	precision	(ur/G)	~	65%.	 To	find	the	most	important	factor(s),	just	look	at	the	individual	terms	in	the	formula	for	ur,	and	compare	to	ur.		The	first	term	for	the	precision	due	to	L-measurement	is	almost	exactly	the	same	as	ur	itself,	therefore	essentially	all	of	the	error	in	computing	G	comes	from	the	L-measurements.		(5) Determine	 the	 precision	 (uncertainty)	 of	 a	 calculation	 for	 the	mass	 balance	 (IN	 –	OUT)	 of	 salicylate	 by	 the	propagation	of	 error	 analysis	 (assume	uncorrelated	 errors)	 for	data	 of	 a	 single	 experimental	 run	 (Run	 3)	 from	 CRYST2	 (in	 sheet	 #4	 of	 the	 Excel	 file,	“Salicylic	Crystallization	Template”).		Report	the	precision	in	mols/time	and	then	divide	by	the	IN	value	to	determine	a	relative	%	error	in	the	mass	balance.	Which	measurements	are	critical	in	getting	a	good	mass	balance?	Other	calculations	using	CRYST2	have	shown	that	the	%	error	in	the	mass	balance	is	9-10%	for	this	run,	with	the	error	computed	as	(IN	–	OUT)/(IN).		How	much	of	this	error	is	explainable	 taking	 into	 account	 the	 precision	 of	 the	 underlying	 measurements	 used	 to	
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perform	the	mass	balance?		What	might	account	for	the	remaining	error	(if	any)?		Explain	your	reasoning.	NOTE:		See	exercise	(4)	for	background	on	propagation	of	error.		SOLUTION:	
The	formula	for	propagation	of	uncertainty,	uncorrelated	errors,	is:	
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∑ 	Where	ur	is	the	desired	uncertainty,	Xi	is	an	independent	variable	(measurement),	and	r	is	the	model	for	the	desired	quantity.		In	this	case,	the	mass	balance	=	MB	is:	
( )( ) ( )( )SALNaSALtNaSAL CCQCQMB +−= 01 	Where	Q1	 is	 the	volumetric	 flow	rate	of	 the	RM	solution,	Qt	 is	 total	volumetric	 flow	rate,	(CRM)0	 is	 the	 feed	 concentration	 of	 RM	 in	 Q1,	 and	 CRM	 and	 CSAL	 are	 the	 product	concentrations	of	soluble	salicylate	and	crystals,	respectively.	 	As	(CRM)0	has	only	a	single	measurement	(0.35	mol/L),	we	assume	it	is	error-free,	so	ur	is	obtained	as	(abbreviating):	
( ) ( )[ ] 5.02222222120 CStCNtQtSNQr uQuQuCCuCu ++++= 	For	 the	 uncertainties	 of	 the	 individual	 measurements	 the	 variances	 can	 be	 used.		The	 averages	 and	 variances	 of	 the	 data	 in	 SHEET4	 are:	 	 Q1,	 48.1	 mL/min	 and	 0.265	mL2/min2;	Qt,	71.9	mL/min	and	0.546	mL2/min2;	CN,	0.0440	mol/L	and	1.24	x	10-5	mol2/L2;	CS	(must	convert	units),	0.212	mol/L	and	5.00	x	10-4	mol2/L2.		Since	 all	 terms	 in	 the	 ur	 calculation	 are	 additive,	 we	 don’t	 have	 to	 convert	 the	volume	units.	 	 The	 average	 IN	 =	 16.84	 [in	 (mol/L)(mL/min)],	 and	 ur	 =	 1.65	 in	 the	 same	
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units,	 so	 the	 average	 error	 of	 the	mass	balance	 (ur/IN)	~	9.8%.	 	 This	 is	 the	 same	as	 the	error	 found	experimentally,	 so	 the	variation	 in	 these	measurements	 completely	accounts	for	the	observed	error	in	the	mass	balance.	To	find	the	most	important	factor(s),	just	look	at	the	individual	terms	in	the	formula	for	ur,	and	compare	to	ur.		The	last	term	is	dominant	(it	is	1.61),	so	most	of	the	error	in	computing	the	mass	balance	comes	from	the	measurements	of	CSAL.		This	is	in	line	with	the	Instructor’s	experience;	student	groups	that	don’t	do	a	very	good	job	of	drying	and	weighing	their	crystal	samples	don’t	get	good	mass	balances.		(6) Compute	the	pH,	undissociated	[SAL]	and	[SAL]−	concentrations	(mol/L)	assuming	a	saturated	solution	of	salicylic	acid	at	room	temperature.	 	Assume	the	only	ions	present	in	the	solution	are	H+,	SAL−,	and	OH−.		According	to	the	CRC	Handbook	(63rd	Ed.,	1982-83)	and	the	 Sigma-Aldrich	 catalog	 (http://www.sigmaaldrich.com/united-states.html),	 the	properties	of	salicylic	acid	at	room	temperature	are:		solubility	in	water	–	2.24	g/L;	pKa	–	2.97;	 MW	 –	 138.12.	 	 Remember	 to	 use	 the	 charge	 balance	 (electroneutrality)	 as	 a	 3rd	equation!	Given	 these	 results,	 why	 is	 it	 still	 vital,	 when	 we	 are	 performing	 equilibrium	calculations	in	salicylic	acid	crystallization,	that	we	account	for	OH−	in	the	aqueous	phase?	SOLUTION:				Found	in	Excel	file	“Crystallizer	6	+	7	Exercises	Solutions”	as	the	“Exercise	6”	sheet.		We	see	that	for	just	salicylic	acid	and	water,	there	will	be	almost	no	OH−	in	solution.		However,	we	must	remember	that	for	the	crystallization	experiment	there	may	be	excess	RM,	therefore	
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positively	 charged	 ions	 (Na+)	 other	 than	 H+	 may	 be	 present,	 which	 would	 alter	 these	calculations.	There	 is	 also	 a	 sheet	 in	 this	 file	 (“Physical	 Properties”)	 which	 shows	 the	 raw	equilibrium	 data	 for	 this	 system	 that	 were	 available	 from	 the	 literature.	 	 The	 literature	references	are	given	both	on	this	sheet	and	in	the	Module	ESRL11.			(7) SOLUTION	ONLY	–	the	Instructor	may	want	to	provide	some	of	this	information	to	the	students,	depending	upon	their	level	of	programming	expertise.	There	 are	 many	 ways	 to	 solve	 the	 equilibrium	 model.	 	 One	 way	 is	 to	 cast	 the	problem	as	a	nonlinear	regression	with	the	sum	of	squares	objective	function:	
Σ	(left	hand	side	–	right	hand	side)2		=	Σ	(LHS	–	RHS)2	 	 	 	 	Convergence	 to	 what	 appears	 to	 be	 a	 global	 minimum	 was	 rapid	 using	 some	 of	 the	equations	 in	ESRL11	 in	 the	objective	 function,	but	 the	rest	as	constraints.	 	An	attempt	 to	include	all	6	equations	in	the	objective	function	proved	unsuccessful	under	a	normal	range	of	initial	guesses.		The	“Solver”	program	included	in	Excel	2013	(also	Excel	2007)	was	used	to	perform	the	minimization.		The	equations	included	in	the	objective	function	were	Eqs.	4-6,	while	Eqs.	1-3	were	used	as	equality	constraints.	 	Other	combinations	are	possible,	but	some	will	give	convergence	problems.		Another	constraint	can	be	added	that	also	improves	convergence:				 C(S)	+	C(SAL)	<	C(Na+)	 	 	 	 	 	 	 	 	Setting	 lower	 bounds	 (zero)	 on	 the	 smallest	 concentrations	 also	 helped.	 	 The	following	equation	(a	redundant	mass	balance	for	sodium,	which	is	presumed	known,	Eq.	(8)	of	assignment)	was	used	as	a	check	on	the	validity	of	the	solution	and	as	a	constraint:	
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𝑁𝑎 + − 𝐶 𝑆 − 𝐶 𝑆𝐴𝐿 − 𝐶 𝐿 = 0	 	 	 	 	We	 also	 found	 the	 convergence	 was	 improved	 by	 using	 pH	 and	 pOH	 in	 the	equations,	 instead	 of	 CH+	 and	 COH−.	 	 Obviously	 the	 choice	 of	 initial	 guesses	 in	 Solver	 is	important,	 but	 the	 correct	 concentrations	 are	 easily	 bounded	 using	 the	 inequality	 given	above	and	the	experimental	results,	so	it’s	easy	to	get	good	starting	guesses.	Some	examples	of	SOLVER-based	solutions	in	Excel	are	given	in	the	file	“Crystallizer	6	+	7	Exercises	Solutions”,	 the	 “Exercise	7”	sheet.	 	Also	 included	 is	a	calculation	showing	that	the	yield	can	be	specified.	 	The	final	concentrations	determined	in	this	manner	were	similar	to	those	obtained	by	specifying	pH.	 	In	the	experimental	run	(CRYST1,	Run	1),	the	measured	pH	was	2.24	and	the	yield	based	on	the	measured	product	concentrations	was	81%.	 	 The	 predicted	 Y	 from	 the	 equilibrium	 calculations	 is	 only	 a	 few	%	 (see	 Figure	 in	Exercise	7	sheet),	but	the	students	should	realize	that	the	need	for	supersaturation	in	order	to	 attain	 finite	 rates	 of	 crystallization	 in	 turn	 requires	 that	 there	 be	 more	 protons	 in	solution,	which	decreases	the	experimental	bulk	pH	below	that	of	the	equilibrium	pH	at	the	interface.	 	This	 is	 less	obvious	from	the	results	 for	the	other	run	(CRYST3,	Run	1),	where	the	run	was	performed	at	a	higher	pH.		In	this	case	the	predicted	Y	is	slightly	higher	at	the	experimental	pH.		This	could	result	from	insufficient	drying	of	the	crystals.	Solution	in	MATLAB	NOTE:	 	 The	 instructor	 may	 want	 to	 provide	 some	 of	 this	 material	 to	 the	 students,	depending	upon	their	level	of	programming	expertise.	The	 equations	 are	 so	 nonlinear	 that	 direct	 solution	 using	 FSOLVE	 in	 MATLAB	probably	will	not	work	(or	at	least	we	could	not	get	it	to	work).		Instead,	we	found	that	the	system	could	be	solved	in	a	manner	similar	to	that	of	FSOLVE,	making	use	of	other	MATLAB	
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routines	 such	 as	 FMINCON	 or	 LSQNONLIN.	 	 Setting	 upper	 bounds	 on	 the	 unknown	concentrations	and	starting	with	intelligent	initial	guesses	helps	also.	Of	 course,	 other	optimization	methods	 such	as	Lagrange	multipliers	 could	 also	be	used	 if	 the	students	are	 familiar	with	 the	 technique.	 	The	website	below	provides	a	good	introduction	to	the	Lagrange	multiplier	method.	http://adl.stanford.edu/aa222/Lecture_Notes_files/constrainedOptimization.pdf		It	 was	 determined	 that	 FMINCON	 was	 superior	 to	 LSQNONLIN	 for	 this	 problem.	There	are	some	solver	options	within	FMINCON	(Sqp,	Active	Set,	and	the	default	 Interior	Point	option).		The	Sqp	option	appears	to	work	best	in	most	cases	and	gives	solutions	close	to	 those	 of	 the	 Excel	 SOLVER.	 	 The	 default	 Interior	 Point	 option	 would	 encounter	 a	singularity	and	the	converged	result	differed	greatly	from	the	SOLVER	solution.		The	Active	Set	option	also	encountered	problems	with	singularities.		The	Instructor	can	decide	which	(if	any)	of	the	MATLAB	codes	to	provide	to	the	students.		A	description	of	all	the	MATLAB	programs	follows.				solvefromyield.m	-	This	 is	 the	MATLAB	code	 to	solve	 for	pH	by	specifying	 the	yield.	 	The	first	 section	 is	 for	 the	 input	of	 the	raw	data	and	needs	 to	be	copied	 to	both	 the	program	containing	 the	 objective	 function	 based	 on	 Eqs.	 4-6,	 funcrystalyield.m	 and	 the	 program	containing	the	constraint	equations,	nonlcony.m.		You	can	input	a	range	of	yields	and	initial	guesses	 for	 the	 unknown	 concentrations,	 and	 set	 upper	 limits	 on	 the	 unknown	concentrations.		The	output	is	a	matrix	containing	the	converged	concentrations,	for	all	of	the	different	yields	that	were	input.		A	vector	contains	the	objective	function	values	for	the	input	yields.		There	is	also	a	matrix	of	the	final	constraint	values.	
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solvefrompH.m	 -	This	 file	 solves	 the	 equilibrium	problem	when	 the	pH	 is	 specified.	 	The	input	 raw	data	 need	 to	 be	 copied	 to	 the	 programs	 containing	 the	 objective	 function	 and	equality	 constraints.	 	 Equality	 constraints	 (Eqs.	 1-3	 and	 8)	 are	 included	 as	 equality	constraints	 in	 nonlconph.m.	 	 The	 objective	 function	 based	 on	 Eqs.	 4-6	 is	 contained	 in	funcrystalph.m.	 	 You	 can	 input	 a	 range	 of	 pH’s,	 initial	 guesses,	 and	 upper	 limits	 for	 the	unknown	concentrations.		The	output	includes	a	matrix	of	converged	concentrations,	for	all	of	 the	 different	 pH	 values	 input,	 a	 vector	 containing	 all	 yields	 calculated	 from	 the	converged	C(S)	values,	a	vector	containing	the	final	objective	function	values,	and	a	matrix	of	final	constraint	values.		A	graph	with	pH	on	the	x-axis	and	predicted	Yield	on	the	y-axis	is	plotted.		Other	Exercises	(8) Show	 how	 the	 equation	 for	 the	 average	 of	 L	 is	 computed	 from	 the	 exponential	probability	density	function	(Eq.	11).		Explain	how	you	could	use	these	values	to	determine	how	closely	the	exponential	distribution	is	actually	followed	in	experimental	results	of	the	type	shown	in	the	Excel	file,	“Salicylic	Crystallization	Template”,	sheet	#1.		Is	the	expected	variation	 with	 respect	 to	 flow	 rate	 for	 the	 average	 L	 actually	 followed	 by	 the	 data	 of	CRYST3	and	CRYST2?		(9) How	 much	 heat	 (kJ)	 must	 be	 added	 or	 removed	 per	 kg	 of	 crystal	 product	 for	 a	typical	 crystallization	 (say,	 RUN3	 of	 the	 CRYST1	 data	 set	 in	 the	 Excel	 file,	 “Salicylic	Crystallization	 Template”,	 sheet	 #2).	 	 The	 NIST	 Chemistry	 Webbook	(http://webbook.nist.gov/chemistry/)	gives	the	following	thermodynamic	data:	
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ΔHr	=	 -118.4	 kJ/mol	 for	 the	 crystallization	 as	 in	Eq.	 (1)	 at	 298	K,	 but	 all	 products	 liquid	phase	
ΔHfusion	(SAL)	=	25	kJ/mol	at	298	K	Cp	(SAL)	=	160	J/(mol•K)	Cp	(Na2SO4)	=	130	J/(mol•K)	Approximations:	 	Assume	no	heat	 losses	to	atmosphere,	and	neglect	the	enthalpies	of	the	small	amounts	of	residual	NaSAL	and	H2SO4	(just	lump	them	with	water).	Examining	 the	data	of	CRYST1,	what	does	your	calculation	suggest	as	 to	what	conditions	this	crystallizer	should	be	operated	at,	economically?		Explain.						(10) For	aqueous	 salicylate,	 the	CRC	Handbook	 (63rd	Ed.,	1982-83)	gives	 the	 log	of	 the	molar	absorptivity	(log	ε)	as	~3.6	for	its	peak	near	300	nm.		Using	this	value	and	the	Beer-Lambert	 law	 for	 absorption	 spectroscopy,	 determine	 the	 salicylate	 concentration	 that	would	give	 an	absorbance	A	~	0.5	 in	 the	UV	probe	of	 this	 experiment,	which	has	 a	path	length	of	10	mm.		For	an	average	series	of	experiments	(say	CRYST3),	by	how	much	must	the	samples	from	the	crystallizer	be	diluted	to	give	an	absorbance	in	this	range?		(11) Determine	the	precision	of	a	calculation	for	“G”	by	the	propagation	of	error	analysis	(assume	uncorrelated	errors)	 for	data	of	a	single	experimental	run	(Run	3)	 from	CRYST2	(data	 in	 sheet	 #4	 of	 the	 Excel	 file,	 “Salicylic	 Crystallization	 Template”).	 	 Report	 the	precision	in	%.	Which	measurements	are	critical	to	the	calculation	of	G?	
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Previous	efforts	to	regress	G	to	a	theoretical	model	suggest	that	there	is	at	least	9%	error	in	G-measurement	for	this	data	set.		How	much	of	this	error	is	explainable	taking	into	account	the	precision	of	the	underlying	measurements	used	to	find	G?		What	might	account	for	the	remaining	error?		Explain	your	reasoning.	Background:	 	 Any	 basic	 text	 on	 probability/statistics	 discusses	 propagation	 of	 error	 and	how	to	obtain	the	error	(precision)	associated	with	a	function	of	more	than	one	measured	variable.		However,	these	concepts	are	also	discussed	on	several	websites,	e.g.	http://www.itl.nist.gov/div898/handbook/mpc/section5/mpc55.htm		http://ipl.physics.harvard.edu/wp-uploads/2013/03/PS3_Error_Propagation_sp13.pdf	http://www.physics.ohio-state.edu/~gan/teaching/spring04/Chapter4.pdf			(12) Determine	 the	 precision	 of	 a	 calculation	 for	 the	 mass	 balance	 (IN	 –	 OUT)	 of	salicylate	by	the	propagation	of	error	analysis	(assume	uncorrelated	errors)	 for	data	of	a	single	 experimental	 run	 (Run	 3)	 from	 CRYST2	 (in	 sheet	 #4	 of	 the	 Excel	 file,	 “Salicylic	Crystallization	Template”).	 	Report	 the	precision	 in	mols/time	and	 then	divide	by	 the	 IN	value	to	determine	a	relative	%	error	in	the	mass	balance.	Which	measurements	are	critical	in	getting	a	good	mass	balance?	Other	calculations	using	CRYST2	have	shown	that	the	%	error	in	the	mass	balance	is	9-10%	for	this	run,	with	the	error	computed	as	(IN	–	OUT)/(IN).		How	much	of	this	error	is	explainable	 taking	 into	 account	 the	 precision	 of	 the	 underlying	 measurements	 used	 to	perform	the	mass	balance?		What	might	account	for	the	remaining	error	(if	any)?		Explain	your	reasoning.	NOTE:		See	exercise	(4)	for	background	on	propagation	of	error.		
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(13) Compute	the	pH,	undissociated	[SAL]	and	[SAL]−	concentrations	(mol/L)	assuming	a	saturated	solution	of	salicylic	acid	at	room	temperature.	 	Assume	the	only	ions	present	in	the	solution	are	H+,	SAL−,	and	OH−.		According	to	the	CRC	Handbook	(63rd	Ed.,	1982-83)	and	the	 Sigma-Aldrich	 catalog	 (http://www.sigmaaldrich.com/united-states.html),	 the	properties	of	salicylic	acid	at	room	temperature	are:		solubility	in	water	–	2.24	g/L;	pKa	–	2.97;	 MW	 –	 138.12.	 	 Remember	 to	 use	 the	 charge	 balance	 (electroneutrality)	 as	 a	 3rd	equation!	Given	 these	 results,	 why	 is	 it	 still	 vital,	 when	 we	 are	 performing	 equilibrium	calculations	in	salicylic	acid	crystallization,	that	we	account	for	OH−	in	the	aqueous	phase?		(14) Computer	Project	-	Equilibrium	Calculations	for	the	Salicylic	Acid	Crystallization	Consider	the	pH-swing	crystallization	of	salicylic	acid	(SAL)	by	reaction	of	aqueous	sodium	salicylate	(RM)	with	dilute	sulfuric	acid:			NaSAL	+	0.5	H2SO4	à		SAL(crystal)	+	SAL(aq)	+	0.5	Na2SO4(aq)	This	equation	 is	not	balanced;	under	normal	conditions	 in	a	crystallizer,	most	of	 the	SAL	ends	up	as	crystals.	 	However,	some	will	remain	in	solution	and	of	this	amount	some	will	dissociate.		Na2SO4	will	remain	dissolved	and	dissociated.	If	we	think	about	what	reactions	must	be	included	in	the	equilibrium	analysis,	the	following	should	be	readily	apparent.		Dissociation	of	H2SO4	H2SO4	à		HSO4-	+	H+				Complete	dissociation	HSO4-	à	SO42-	+	H+					K[HSO4-]	
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Dissociation	of	SAL	SAL	à	SAL-	+	H+								K[SAL]	H2O	à	OH-	+	H+						K[W]	Casual	 inspection	 of	 data	 sources	 tells	 us	 that	H2SO4	will	 completely	 dissociate	 in	 its	 1st	reaction	 to	 bisulfate	 ion	 –	 the	 pKa	 at	 25°C	 is	 -2.0.	 	 But	 the	 dissociation	 to	 sulfate	 is	 less	apparent,	and	therefore	the	equation	for	K[HSO4-]	should	be	 included	 in	the	calculations.		Let’s	 examine	 what	 equations	 might	 be	 used	 to	 determine	 the	 concentrations	 at	equilibrium,	for	a	crystallizer	with	continuous	flows	of	RM	and	H2SO4	at	steady	state.		Nomenclature	used:	C(RM):	Concentration	of	NaSAL	in	feed	(mol/L)	C(H2SO4):	Concentration	of	H2SO4	in	feed	C(S):	Concentration	of	salicylic	acid	crystals		C(L):	Concentration	of	salicylic	acid	in	solution	C(SAL):	Concentration	of	SAL−	ions	C(SO4):	Concentration	of	SO42-	ions	C(HSO4):	Concentration	of	HSO4−	ions	QRMfeed:	Flow	rate	of	NaSAL	feed	(mL/min)	QHfeed:	Flow	rate	of	H2SO4	feed		Qout:	Flow	rate	of	product	or	effluent.	Unknowns:	pH,	pOH,	C(S),	C(L),	C(SAL),	C(SO4),	C(HSO4)		Equations	used	to	predict	the	concentrations	at	equilibrium:	
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Equilibrium	of	water:		 	 pH+ pOH = 14	 	 	 	 	 (1)	Dissociation	of	SAL:		 	 	 𝐾 𝑆𝐴𝐿 =  !! !(!"#)!(!) 	 	 	 	 	 (2)	Dissociation	of	HSO4-:		 	 𝐾 𝐻𝑆𝑂4 =  ! !"! !!  !(!"#!) 	 	 	 	 (3)	SAL	balance:	 		 𝑄!"#(𝐶 𝑆𝐴𝐿 + 𝐶 𝑆 + 𝐶 𝐿 ) = 𝑄!"#$$% 𝐶(𝑅𝑀)		 	 	 (4)	SO4−	balance:	 		 𝑄!"#(𝐶 𝑆𝑂4 + 𝐶 𝐻𝑆𝑂4 ) = 𝑄!"##$𝐶(𝐻2𝑆𝑂4)			 	 	 (5)	Electroneutrality:		 𝑁𝑎! + 𝐻! = 𝐶 𝐻𝑆𝑂4 + 2 𝐶(𝑆𝑂4)+ 𝐶(𝑆𝐴𝐿)+ [𝑂𝐻!]				 (6)	It	 is	 seen	 that	 there	 are	 at	 least	 7	 independent	 variables	 ([Na+]	 can	 be	 treated	 as	known	because	NaSAL	 completely	dissociates	 in	water).	 	However,	we	have	only	6	mass	balances,	so	there	is	one	degree	of	freedom.		For	example,	the	pH	of	the	crystallizer	could	be	specified,	or	the	yield	to	crystals	(leading	to	C(S)).		In	this	exercise	we	ask	you	to	solve	for	the	missing	concentrations	and	ultimately	the	yield	to	crystals,	as	a	function	of	pH,	over	the	range	2-5.		Use	data	from	Run1	of	CRYST1	or	Run	1	of	CRYST3	(both	found	in	the	Excel	file	“Salicylic	Crystallization	Template”,	sheet	#2).		From	these	results,	determine	how	close	we	are	to	the	predicted	equilibrium	in	the	actual	crystallizer,	by	computing	the	yield	on	a	product	basis:	
productsalicylatedissolvedmolsproductcrystalmols
productcrystalmolsY
+
= 			 	 	 (7)	
At	the	relevant	temperature,	pKw	=	13.34,	K[HSO4-]	=	1.51	x	10-2	and	K[SAL]	=	1.26	x	10-3,	from	the	references	given	in	ESRL	Module	11.		You	can	use	the	sodium	mass	balance	([Na+]	is	presumed	known):	𝑁𝑎! = 𝐶 𝑆 +  𝐶(𝑆𝐴𝐿)+ 𝐶(𝐿)		 	 	 	 	 (8)	
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as	 a	 check	 on	 your	 answers.	 	Where	 your	 answers	 differ	 from	 the	 experimental	 results,	explain	why	this	may	be	so.		
2.2	Effects	of	Grinding	Parameters	on	Biomass	Quality	
2.2.1	Introduction	to	Grinding	Operations	Sample	Excel	solution	files	are	in	Appendix	C.	
Documentation	 Module	Use	 Expected	Learning	Outcomes/Objectives	Upon	completion	of	the	module,	students	will	be	able	to:	Assignment	/	background	file	(pdf)		Raw	data	files	(xslx)			Solution	file	(xslx)	
Laboratory	Course	Design	or	Unit	Operations	Class		
(1)	Take	an	experimental	size	distribution	and	determine	the	theoretical	distribution	it	best	follows.		(2)	Relate	size	distributions	and	key	metrics	from	these	distributions	to	grinding	parameters.		
Grinding	with	a	ball	mill	reduces	the	sizes	of	particulate	solids.		Most	raw	biomass	is	in	the	form	of	particles,	which	must	be	ground	prior	to	further	processing.		This	is	often	the	most	energy	intensive	step	other	than	biomass	collection	and	transportation.	 	In	this	case	study,	we	 examine	 the	 grinding	 of	 raw	 sugar	 in	 isopropanol,	which	was	 part	 of	 a	 larger	study	of	mill	characteristics.	
The	raw	sugar	was	milled	for	various	times	in	different	ball	mills,	all	rated	at	0.37	kW.		The	particle	Size	Analyzer	CILAS	1180	was	used	to	measure	the	size	distribution	of	the	milled	crystals	by	laser	diffraction.		Diffraction	methods	measure	the	weight	distribution	of	the	 particles.	 	 The	 data	 given	 here	 are	mean	 diameters	 (the	 distribution	 parameter)	 for	different	 size	 fractions	 (cumulative	 wt%’s)	 and	 a	 computed	 distribution	 (probability	
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density)	 function	 presented	 in	 the	 form	 of	 a	 histogram.	 It	 is	 not	 known	 a	 priori	 if	 a	 log	normal	 distribution	 best	 describes	 the	 data,	 although	many	 ball	 mills	 produce	mixtures	that	 can	 be	 described	 as	 such.	 	 Other	 mathematical	 distribution	 functions	 such	 as	 the	Normal	 (Gaussian)	 or	 Weibull	 (Rosin-Rammler)	 may	 work	 better.(Gotoh,	 Masuda,	 &	Higashitani,	1997)	In	this	project	we	will	rigorously	test	how	well	the	ball-milled	particles	can	be	described	by	 the	 log	normal	 and	 the	Weibull	 distributions.	We	will	 also	 calculate	other	 important	distribution	properties	such	as	average	diameter.	 	The	average	diameter	can	in	theory	be	related	to	the	total	grinding	energy.	
2.2.2	Theoretical	Overview	
2.2.2.1	Average	particle	diameter	It	can	be	computed	as	follows.	
𝑑! = 𝑤! 𝑑!𝑤! 	where	wi	is	the	weight	fraction	for	ith	size	interval	and	di	is	the	mean	diameter	of	ith	size	interval.	 The	 distribution	 function	 dw/dD	 could	 also	 be	 calculated,	 as	 shown	 in	 the	spreadsheet.	 Comparing	 the	 values	 so	 computed	 to	 the	 histogram,	 one	 can	 see	 if	 the	histogram	(probability	density)	is	equal	to	dw/dD,	or	something	else.		If	it	is,	the	histogram	could	be	used	in	place	of	the	dw/dD	computed	here.	
Prior	to	using	either	dw/dD,	the	data	would	have	to	be	normalized.	In	other	words,	
!"!" = 1,	 and	 the	 dw/dD	 values	 would	 be	 normalized	 by	 dividing	 by	 the	 value	 of	 the	integral.					
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2.2.2.2	Log	Normal	Distribution	The	 histogram	 could	 represent	 the	 calculated	 log	 normal	 distribution.	 This	distribution	is	normally	expressed	as:(Gotoh	et	al.,	1997)	
𝑞∗ = 12𝜋 𝑙𝑛 𝜎! exp −(ln𝐷! − ln𝐷!)!2 𝑙𝑛 𝜎!! = 𝑑𝑄𝑑(𝑙𝑛𝐷!)	
where	ln𝐷! = !! !"!!"!! 	and	ln𝜎! = !! (!"!!"!!"!!)!!! !/!	
So	the	ln(Dpi)	is	the	distributed	variable,	and	in	theory	we	can	determine	q*	without	regression	 using	 the	 formulas	 for	 ln(Dg)	 and	 ln(σg).	 The	 cumulative	 probability	 is	 the	integral	 of	 q*	with	 respect	 to	 ln(Dp).	 	 	 Upon	 integration,	 the	 formula	 for	 the	 cumulative	distribution,	Q	becomes:(Yang,	Lee,	Barker,	Wang,	&	Zhang,	2012)	
𝑄 = 12 𝑒𝑟𝑓𝑐 − ln𝐷! − 𝑙𝑛 𝐷!2 𝑙𝑛 𝜎! 	
2.2.2.3	Weibull	Distribution(Gotoh	et	al.,	1997)	
The	formula	for	the	probability	density	function	q	is	
𝑞 =  𝑛!𝐷!!! 𝐷!!!!! exp − 𝐷!!!𝐷!!! = 𝑑𝑄𝑑𝐷!	
The	cumulative	distribution,	Q,	is	the	integral	of	q	with	respect	to	Dp,	which	gives:	
𝑄 = 1− 𝑒𝑥𝑝 − 𝐷!𝐷! !! 	
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The	 parameters,	 De	 and	 nd	 are	 the	 “scale”	 and	 “shape”	 parameters	 respectively.		They	can	be	computed	from	the	mean	and	variance	of	the	distribution,	just	as	Dg	and	σg	can	be	 computed	 for	 the	 Log	 Normal	 distribution.(Gotoh	 et	 al.,	 1997)	 More	 on	 the	 Weibull	distribution	can	be	found	on	several	websites.(NIST/SEMATECH;	"Weibull	distribution,")	
2.2.2.4	Chi-Squared	(χ2)	Goodness	of	Fit	Test	
The	 null	 hypothesis,	 H0,	 is	 that	 the	 data,	 y(data),	 are	 consistent	 with	 the	mathematical	distribution	function	computations,	y(calc).	 	When	the	calculated	χ2	value	is	less	 than	 the	 χ2	distribution	 value	 at	 95%,	 the	 null	 hypothesis	 can	 be	 accepted.	 In	 other	words,	there	is	no	statistically	significant	difference	between	the	data	and	the	regressed	or	computed	distribution.	The	χ2	statistic	is:	
𝜒! = (𝑦!"#" − 𝑦!"#!)!𝑦!"#! 	
In	Excel,	the	χ2	distribution	value	can	be	found	using	the	function	CHIINV(a,	degrees	of	 freedom).	The	value	for	a	will	be	0.05	for	a	95%	significance	level.	 	 In	determining	the	degrees	of	freedom,	a	total	of	3	degrees	of	freedom	must	be	removed	from	the	number	of	data	points	for	both	log	normal	and	Weibull	distributions	(1	degree	for	the	mean,	2	degrees	for	2	regressed	parameters).	
The	hypothesis	can	also	be	tested	with	the	p	value	found	through	the	χ2	distribution	table	 using	 the	 Excel	 function	 CHIDIST(χ2	value,	 degrees	 of	 freedom).	 	 If	 the	 p	 value	 is	below	 0.05	 for	 95%	 significance	 level,	 the	 null	 hypothesis	 is	 rejected.	 	 Several	 websites	discuss	the	χ2	test	in	detail.("Chi-Square	Goodness	of	Fit	Test,"	;	"Chi-Square	Test	")	
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2.2.2.5	F	Test	(Two-Sample	Variances)	
The	test’s	null	hypothesis	 is	 that	 the	variances	of	 two	different	 fits,	say	comparing	the	 log	 normal	 and	Weibull	 distributions,	 are	 equal,	 σ1=	 σ2.	 In	 other	 words,	 there	 is	 no	statistically	 significant	 difference	 between	 the	 two	 distribution	 functions	 for	 these	 data.		Variances	can	be	computed	from	the	sum	of	squared	deviations	or	using	the	Excel	function	VAR(array).		The	F	statistic	is:	
𝐹 = 𝜎!!𝜎!!	
where	𝜎!!	has	to	be	larger	than	𝜎!!.	In	determining	the	p-value,	Excel	provides	the	function,	FDIST(F,	degrees	of	 freedom(1),	degrees	of	 freedom	(2)).	The	degrees	of	 freedom	for	 the	fits	are	determined	by	removing	2	degrees	 from	the	number	of	data	points.	One	can	also	compute	the	F	critical	values	by	using	function	FINV(a,		degrees	of	freedom(1),	degrees	of	freedom	(2)).		The	null	hypothesis	will	be	rejected	if	F	is	larger	than	the	critical	F	value	or	when	 the	p-value	 is	 less	 than	0.05.	More	 information	on	F-tests	 can	be	 found	on	 several	websites.("FDIST	function,"	;	"FINV	function,"	;	NIST/SEMATECH)	
Aside	from	these	two	tests	for	goodness	of	fit,	the	absolute	relative	deviations	can	be	computed	as	follows:		
𝐴𝑏𝑠𝑜𝑙𝑢𝑡𝑒 𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 = 𝑦!"#" − 𝑦!"#!𝑦!"#" 	The	average	of	these	(%AARD)	is	often	reported	with	the	fit	as	another	figure	of	merit.		
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2.2.2.6	Relationships	Between	the	Distributions	and	Grinding	Parameters	
The	easiest	metric	to	relate	to	grinding	parameters	is	𝑑! .		Bond’s	theory	states	that	for	 large	particles	 the	particle	 surface	 to	volume	ratio	 to	 the	½	power	 is	proportional	 to	total	grinding	energy.		Real	particles	must	deviate	from	Bond’s	theory	as	they	become	very	small,	because	the	breakage	mechanism	eventually	transforms	from	agglomerate	to	crystal	breakage;	the	latter	requires	significantly	more	energy.		Because	these	data	were	taken	on	ball	mills	where	the	energy	input	is	constant,	the	total	energy	input	is	directly	proportional	to	the	grinding	time.		
𝑊 =𝑊! 10𝐷! − 10𝐷! 	where	 W	 is	 total	 input	 work,	 Wi	 is	 Bond’s	 Work	 Index	 (related	 to	 the	 crushing	 work	required	 to	 give	 100	 µm	 agglomerates),	 and	 DF	and	 DP	 are	 the	 particle	 sizes	 in	 micron	corresponding	 to	 80%	 cumulative	 probability	 (weight	 fraction)	 of	 the	 feed	 and	 product,	respectively.	(Gotoh	et	al.,	1997;	McCabe	et	al.,	2005)	From	the	form	of	the	equation,	one	might	 expect	 that	work	would	 scale	with	 the	 inverse	 square	 root	 of	 any	 size	 parameter	characteristic	of	the	distribution.	
2.2.2	Assignments	
(1) Using	the	available	cumulative	wt%	data,	and	the	histogram,	determine	the	following.	a) The	average	diameters.	b) Plot	 the	 cumulative	 distribution	 of	 the	 sample.	 	 Calculate	 the	 probability	 density	function	and	normalize	it.	
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c) Fit	 the	 parameters	 of	 the	 log	 normal	 and	Weibull	 distributions	 by	 least	 squared	error	 regressions.	Plot	 the	 resulting	distributions	 for	 the	 sample,	 for	both	Weibull	and	log	normal	distributions.	Because	the	log	normal	distribution	can	be	calculated	theoretically,	do	this	also,	and	plot.	d) Using	 the	 χ2	 and	F-tests,	which	distribution	 function	best	 fits	 the	data?	 Is	 there	 a	clear	winner?	e) What	are	the	%AARD’s	(average	absolute	relative	deviations)	of	the	fits?		
(2) 	Using	the	available	histogram	and	cumulative	wt%	data,	compute	the	following:	a) Plot	the	histogram	of	the	sample.	b) Use	 the	 histogram	 data	 to	 fit	 the	 parameters	 of	 the	 log	 normal	 and	 Weibull	probability	densities,	and	plot	 the	 fits	 to	 the	data.	 	What's	wrong	with	the	Weibull	distribution?	c) Determine	a	modified	histogram	(i.e.,	the	correct	probability	density	function	for	the	Weibull),	and	then	fit	to	this	distribution	again.	d) Are	 the	 regressed	 distribution	 parameters	 the	 same	 as	 were	 obtained	 using	 the	cumulative	distribution?		If	not,	why	not?	e) Using	χ2	and	F-tests,	which	distribution	function	(Weibull	or	 log	normal)	 	best	fits	the	probability	density	data.	f) What	are	the	%AARD’s	(average	absolute	relative	deviation)	of	the	fits?		
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(3) Assuming	 spherical	 particles,	 plot	 the	 attached	 data	 for	 time	 vs.	𝑑! 	to	 determine	 its	consistency	with	Bond’s	theory.		In	what	size	range	does	the	theory	hold?		In	what	size	range	does	it	break	down?	
2.2.3	Solution	to	Assignments	
(1) A	solution	for	data	set	4283	is	shown	in	the	“Sugar	Distribution	Sample	Assignment”	spreadsheet.	 	 	 The	 probability	 density	 dw/dD	 can	 be	 computed	 by	 taking	 numerical	derivatives.	 	The	 integral	of	dW/dD	can	then	be	calculated	by	the	trapezoidal	rule,	giving	1.04	here.		Therefore	in	the	probability	density	dw/dD	would	be	divided	by	this	number	to	normalize	it.		The	calculation	shows	that	the	cumulative	distribution	is	probably	accurate.		 The	fits	to	the	two	theoretical	cumulative	distributions	are	shown.		From	the	AARDs,	visual	examination	of	the	fits,	and	by	the	F-test,	it	appears	as	if	the	data	of	this	example	can	be	 adequately	 represented	 by	 either	 the	 log	 normal	 (regressed),	 the	 log	 normal	(parameters	computed	theoretically)	or	the	Weibull	distributions.		However,	the	χ2	test	is	more	discriminating	and	it	rejects	the	fit	of	the	Weibull	distribution	to	the	cumulative	wt%	particle	size	distribution	at	the	95%	confidence	level.	 	This	result,	and	the	goodness	of	fit	for	 the	computed	 log	normal	distribution,	 lead	one	 to	 the	conclusion	 that	 the	 log-normal	form	better	describes	ball-milled	particle	size	distributions	for	sugar	(and	probably	other	types	of	biomass	as	well).			(2) Someone	 getting	 these	 histogram	 data	 from	 an	 analyzer	 would	 want	 to	 know:		exactly	what	does	 the	histogram	 represent?	 	 It	 is	 a	 distribution	 function,	 and	 certainly	 a	
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probability	density	given	its	shape,	but	for	which	distribution	(which	distributed	variable)?		We	can	calculate	the	histograms	(probability	density	 functions)	 for	 the	two	common	(log	normal	 and	Weibull)	 distributions	 to	 see	what	 the	 histogram	 actually	 represents.	 	 After	doing	so	it	is	evident	that	this	histogram	is	for	a	log	normal	distribution.		Therefore	it	is	not	surprising	that	the	Weibull	distribution’s	probability	density	function	cannot	fit	these	data	at	 all	 (Figure	 9).	 	 The	 histogram	 data	 are	 in	 log	 normal	 form,	 in	 other	 words,	 the	distribution	was	calculated	as:		
𝐻! = 𝑄! − 𝑄!!!ln𝐷! − ln𝐷!!!	
	
	Figure	9.	Experimental	and	regressed	histograms.		For	the	Weibull	distribution,	the	graph	shows	the	error	resulting	from	an	incorrect	calculation	of	the	probability	density.	In	 order	 to	 use	 the	Weibull	 function	with	 the	 histogram	data,	 one	 can	 compute	 a	modified	histogram	from	the	raw	cumulative	data,	by	taking	the	derivative	dQ/dD.		In	one	of	the	data	files	(4180.xlsx),	the	histogram	given	does	not	match	either	the	log	normal	form	
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or	 dQ/dD.	 	 This	 probably	 represents	 an	 error	 in	 data	 processing	 made	 when	 using	 the	analyzer’s	software.		This	histogram	can	also	be	recalculated	as	dQ/dD	(Weibull)	or	Hi	(log	normal),	from	the	raw	cumulative	data.		In	general,	the	log	normal	distribution	fits	the	cumulative	wt%	data	the	best.	As	for	the	histogram	(probability	density)	data,	the	F-test	shows	that	the	log	normal	distribution	and	Weibull	distributions	are	statistically	different,	while	the	χ2	test	shows	that	the	Weibull	distribution	 fits	 the	data	better.	 	 In	 the	sample	 file	4250.xlsx	one	will	notice	 that	both	χ2	(log	 normal	 and	 Weibull)	 fit	 statistics	 are	 essentially	 the	 same.	 	 However,	 the	 χ2	 test	rejected	 the	 log	 normal	 (calculated),	 but	 accepted	 the	 regressed	 set.	 	 This	 may	 have	resulted	from	the	smaller	sample	size	for	4250.			
(3) According	to	Bond’s	Theory,	the	total	input	work	should	be	roughly	proportional	to	1/SQRT(D),	where	work	 is	 power	multiplied	 by	 grinding	 time.	Data	 for	 several	 grinding	batches	using	different	mills	 are	 shown	 in	 the	 spreadsheet.	 	The	data	 consist	of	 grinding	time	and	mean	diameter	at	each	time.	One	can	plot	a	graph	of	1/SQRT(D)	versus	time	with	all	 the	 data	 points	 available	 from	 the	different	mills.	 The	data	 come	 close	 to	 falling	 on	 a	common	 curve,	which	 suggests	 that	 the	 grinding	 process	 is	 almost	 grinder-independent.		The	data	start	out	linearly	as	expected	at	large	diameters,	but	begin	to	flatten	out	at	later	times.	 The	 boundary	 between	 linear	 and	 asymptotic	 behavior	 is	 roughly	 150	 minutes	(crystals	~13	µm);	above	this	time,	Bond’s	theory	is	no	longer	applicable.		In	order	to	break	the	 sugar	 into	 even	 smaller	 crystals,	 the	 breakage	 probably	 must	 take	 place	 by	 higher-energy	routes	such	as	crystal	cleavage,	rather	than	breakage	of	loose	agglomerates.	As	the	
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power	 input	 of	 the	 mills	 are	 constant	 at	 0.37kw,	 long	 grinding	 times	 are	 needed	 to	significantly	increase	the	work	input.					 	
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Appendix	A:	Procedures	for	Propane	Reforming	
A.1	Reactor	Operating	Procedures	
1. Load	catalyst	from	the	bottom	with	quartz	wool	on	both	ends	with	a	1/16”	sheathed	K-thermocouple	placed	adjacent	to	the	catalyst	bed.	2. Purge	system	with	N2	flow.	3. Use	temperature	controller	to	slowly	bring	the	reactor	and	all	lines	temperature	up	to	starting	value.		4. When	at	operating	temperature,	switch	from	inert	to	reacting	gases.	Gas	flows	are	measured	using	mass	flow	controllers,	recorded	on	a	computer	using	LabView	software.	5. Water	is	injected	into	the	system	by	a	syringe	pump.		6. Set	up	a	sequence	on	GC	to	take	sample	automatically.			7. Shut	down:	purge	the	system	with	N2,	turn	off	the	syringe	pump	and	bring	the	temperature	down.		
A.2	Flow	controller	calibration	(y,	mL/min;	x,	voltage):	
CH4	&	H2	(UFC-1200A):	y	=	19.9x	+	1.05,	R²	=	0.99563	N2	(Tylan	MFC7):	y	=	20.066x	–	1.2259,	R²	=	0.99918	CO	(UFC1500A):	y	=	30.817x	–	2.7908,	R2	=	0.99943	CO2:	y	=	20.908x	+	0.0504,	R2	=	1	C3H8	(MKS	1159A):	y	=	5.6365x	–	3.456,	R2	=	0.96015			
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A.3	Gas	Chromatograph	Analysis	Details	and	Parameters	
The	1mL	sample	was	injected	into	3	1/8”	molecular	sieve	columns	K1	(6ft),	K2	(7ft),	and	K2S	(2ft)	in	series	to	separate	light	gases	and	hydrogen	from	the	rest	of	the	gaseous	mixture	and	analyzed	by	the	rear	thermal	conductivity	detector	using	nitrogen	as	carrier	gas.	A	pressure	regulator	set	at	30	psig	controlled	the	flow	of	carrier	gas	in	the	columns	to	the	detector.	Another	1mL	sample	was	injected	into	0.53mm	capillary	column,	KC080	(164ft)	to	separate	N2,	CO,	CO2,	CH4,	C2H6,	C3H8,	and	water;	it	was	analyzed	by	the	front	thermal	conductivity	detector	using	helium	as	carrier	gas.	Helium	was	controlled	by	the	rear	inlet	electronic	pressure	control.	The	three	molecular	sieve	columns	were	housed	in	a	packed	auxiliary	oven	while	the	other	column	was	housed	in	the	GC	oven;	both	ovens’	respective	temperature	programs	are	described	below,	together	with	the	thermal	conductivity	detector	details.	GC	calibration	factors	and	retention	times	are	presented	in	Table	A3.	
Back	Inlet	–	(V2):	Split;	120	C;	P:	7.41	psi;	total	flow:	79	mL/min;	split	ratio	=	13.1:1;	Gas	saver=	on;	Saver	flow=	15	mL/min;	saver	time=	2min	
Front	Detector	–	TCD:	200	C;	16.5	mL/min	ref.	flow;	11	mL/min	makeup	flow;	Gas	=	He	
Back	 Detector	 –	 TCD:	 200	 C;	 20	 mL/min	 ref.	 flow;	 3	 mL/min	 makeup	 flow;	 Gas	 =	 N2;	Negative	polarity	
GC	Oven	Temperature	Program	
Initial	temperature:	303K	Initial	time:	7	min	
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Table	8.	Ramping	rates	for	GC	oven	Ramps:	 Rate	(K/min)	 Final	Temperature	(K)	 Final	Time	(min)	1	 283	 373	 5	2	 283	 403	 16	3	 273	(Off)	 	 	Post	temperature:	303K	Post	time:	42	min	Run	time:	38min		Packed	Auxiliary	Oven	Temperature	Program	
Initial	temperature:	323K	Initial	time:	5	min	
Table	9.	Ramping	rates	for	Auxiliary	Oven	Ramps:	 Rate	(K/min)	 Final	Temperature	(K)	 Final	Time	(min)	1	 283	 393	 11	2	 283	 323	 0	3	 273	(Off)	 	 		
Table	10.	GC	Calibration	factor	and	Retention	time.	Component	 GC	Factor	mol(μmol)/area(MM)	 Retention	time	(min)	CO	 0.38	 3.51	CO2	 0.30	 9.04	C3	 0.37	 31	N2	 0.31	 3.4	CH4	 0.44	 4.4	C2	 0.3091	 15.7	H2O	 0.546	 20.8	H2	 0.063	 3.06		 	
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Appendix	B:	Tables	of	Results	
Table	11.	Summary	of	calculated	ξ	values	(mol/min)	for	reactions	with	GHSV=34,000	and	feed:	53%	CO,	28%	H2,	10%	H2O,	3%	C3H8,	1%	CH4,	balance	N2.	Catalyst	 ξ1	 ξ2	 ξ3	 ξ4	 ξ5	Pd/Ce7	 0.00011	 0.00023	 -0.00024	 0.000075	 0.000074	Fe/Ce3	 0.00024	 0.00021	 -0.00025	 0.000080	 0.000063	Mn/Ce4	 0.00026	 -0.00091	 0.00083	 0.000061	 -0.00048	La/Ce3	 0.00014	 -0.00013	 0.0000	 0.00007	 -0.00010	Re/Ce3/Zr54	 0.00027	 0.00026	 -0.00084	 0.00011	 0.000077	Re/Ce3/Zr54	(998K)	 0.00025	 0.00029	 -0.00084	 0.00014	 0.000081	Mn0.2/Ce/Zrb	 0.00041	 0.000090	 0.0000013	 0.000038	 0.000019	Mn4/Ce3/Lab	 0.00043	 0.00022	 -0.00027	 0.00010	 0.000089	Fe/Ce3/Lab	 0.00035	 0.00021	 -0.00014	 0.00008	 0.000071	Mn1.1/Ce3/Lab	 0.00037	 0.00012	 -0.00027	 0.00007	 0.000066	b	Tested	with	GHSV=7100	and	feed	condition:	51%	CO,	26%	H2,	11%	H2O,	6%	C3H8,	1%	CH4,	balance	N2.		Table	12.	Summary	of	calculated	ξ	values	(mol/min)	for	reactions	with	GHSV=40,000	and	feed:	46%	CO,	27%	H2,	21%	H2O,	2%	C3H8,	1%	CH4,	balance	N2.	Catalyst	 ξ1	 ξ2	 ξ3	 ξ4	 ξ5	Pd/Ce7	 0.00051	 0.00030	 0.000063	 0.000045	 0.00013	Fe/Ce3	 0.00048	 0.00077	 -0.00037	 0.000063	 0.00036	Mn/Ce4	 0.00040	 -0.00011	 0.00033	 0.000039	 -0.000066	Mn/Ce4	(CO2)	 -0.00029	 -0.00006	 0.00016	 0.000082	 -0.000085	Mn/Ce4	(H2S)	 0.00008	 0.00030	 -0.00008	 0.000004	 0.00016	Mn/Ce4	(H2S,	998K)	 0.00020	 0.00029	 -0.00012	 0.000036	 0.00013	La/Ce3	 0.00034	 0.00019	 0.000062	 0.000036	 0.000083	Re/Ce3/Zr54	(998K)	 0.00052	 -0.000075	 -0.00039	 0.000028	 -0.000039	Re/Ce3/Zr54	(H2S,	998K)	 0.00053	 -0.00027	 -0.00031	 0.000014	 -0.00013	Mn0.2/Ce/Zrb	 0.00074	 0.00034	 -0.00037	 0.00019	 0.00021	Mn4/Ce3/Lab	 0.00076	 0.00028	 -0.00020	 0.00012	 0.000084	Fe/Ce3/Lac	 0.00065	 -0.000052	 -0.000023	 -0.000048	 -0.000048	Mn1.1/Ce3/Lab	 0.00066	 0.000091	 -0.00017	 0.000059	 0.000068	Mn1.1/Ce3/La	(998K)b	 0.00062	 0.000082	 -0.00015	 0.000064	 0.000051		b	GHSV=7900	and	feed:	45%	CO,	24%	H2,	21%	H2O,	5%	C3H8,	1%	CH4,	balance	N2.	c	Tested	with	no	propane	in	feed:	48%	CO,	25%	H2,	22%	H2O,	1%	CH4,	balance	N2		 	
		77	
Appendix	C:	Sample	Excel	and	Matlab	Solution	Files	for	Chapter	2			 	Lab	Assignment	#1
Part	1
CRYST3 (corrected	initial	RM) SAL density	=
Solubility= 4.38 g/L
Volume	(mL) 4153
RM H2SO4 RM H2SO4 Total pH T	(C	) τ	(min) Lavg	(µm)
RUN1 0.35 0.25 85.0 42.5 127.5 4.16 49 32.6 876.00
RUN2 0.35 0.25 119.0 59.5 178.5 4.77 47 23.3 700.00
RUN3 0.35 0.25 51.0 25.5 76.5 4.14 49 54.3 1190.00
CRYST	2
SAL density	=
Volume	(mL) 2000 Solubility= 4.38 g/L
RM H2SO4 RM H2SO4 Total pH T	(C	) τ	(min) Lavg	(µm)
RUN1 0.35 0.25 113.7 56.7 170.4 3.53 45 11.7 82.1
RUN2 0.35 0.25 80.7 40.3 121.0 3.91 48 16.5 92.7
RUN3 0.35 0.25 48.1 23.8 71.9 3.7 47 27.8 146.0
Part	2
Regression	Statistics
Part	3
The	regressions	are	shown	below.		Output	1	is	for	CRYST3,	Output	2	for	CRYST2.	
G=kg		ΔC	^g	for	CRYST3	and	2
Predicted
LN	(G) LN	(ΔC	) LN	(G)
-5.91844 -3.601047871 -5.94249
-5.80626 -3.46486747 -5.79347
-6.12293 -3.755640735 -6.11166
-7.26516 -3.653958555 -7.30931
-7.48612 -3.932815436 -7.41413 Regression	Statistics
-7.55249 -4.374975963 -7.58034
B=	Kr		G^i	for	CRYST3	and	2
Predicted
LN	(B0) LN	(G	) LN	(B0)
-5.1535 -5.91844416 -5.19335
-4.97053 -5.806257679 -4.9448
-5.66048 -6.122927289 -5.64637
-3.83753 -7.265156201 -3.84225
-4.67363 -7.486121831 -4.65321
-4.88108 -7.552491943 -4.89679
Initial	Concentration	(M) Vol.	Flow	(mL/min)
Initial	Concentration	(M) Vol.	Flow	(mL/min)
-6	
-5.5	
-5	
-4.5	
-4	
-3.5	
-8	 -7.5	 -7	 -6.5	 -6	 -5.5	
LN
	B
⁰	
LN	G	
Combined	
Data	
-8	
-7	
-6	
-5	
-4.5	 -4.3	 -4.1	 -3.9	 -3.7	 -3.5	 -3.3	 -3.1	
LN
	G
	
LN	∆C	
Combined	Data	
CRYST3	
CRYST2	
There	really	isn't	much	error	in	CRYST3.		What	there	is	can	probably	be	accounted	for	by	the	precision	of	the	underlying	
measurements	used	to	determine	yields	and	mass	balance.	
For	CRYST2,	the	errors	are	more	signiﬁcant.		Since	the	Y's	diﬀer	a	lot,	and	the	mass	balance	is	in	error	by	a	lot,	we	can	conclude	
that	something	which	would	contribute	to	both	is	the	problem.	
If	we	do	thought	experiments,	we	can	see	that	for	a	negaVve	mass	balance	error	(MBE),	Y2	(feed)	must	be	>	Y1	(product),	and	for	
a	positve	MBE,	the	opposite.		This	is	exactly	what	is	observed	for	the	3	runs.	
However,	the	range	of	Y2	is	much	greater	and	includes	one	impossibly	high	Y2	(Run1)	and	one	that	is	lower	than	any	other	
calculated	yield.		This	would	suggest	that	a	measurement	used	to	determine	Y2	that	is	not	used	to	determine	Y1	is	the	problem.		
The	only	2	measurements	that	qualify	are	the	ﬂow	rate	of	NaSAL	soluVon	and	its	feed	concentraVon.		The	ﬂow	rate	is	measured;	
however,	a	problem	with	the	feed	concentraVon	would	be	a	human	error	in	making	up	the	soluVon.	
Crystallizer Lab Exercise
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1.443 g/cm3
138.12 g/mol 0.031711555 mol/L
G(	cm/min) LN	(G) C(RM)	mol/L ΔC	mol/L LN	(ΔC	) B0	mol/L·min LN	(B0) Crystal	g/mL C(SAL)	mol/L
2.69E-03 -5.92 5.90E-02 2.73E-02 -3.601 5.78E-03 -5.15 0.026 0.188
3.01E-03 -5.81 6.30E-02 3.13E-02 -3.465 6.94E-03 -4.97 0.022 0.161
2.19E-03 -6.12 5.51E-02 2.34E-02 -3.756 3.48E-03 -5.66 0.026 0.189
1.443 g/cm3
138.12 g/mol 0.031711555 mol/L
G(	cm/min) LN	(G) C(RM)	mol/L ΔC	mol/L LN	ΔC	 B0	mol/L·min LN	(B0) Crystal	g/mL C(SAL)	mol/L
6.99E-04 -7.27 0.0576 2.59E-02 -3.654 2.15E-02 -3.84 0.035 0.253
5.61E-04 -7.49 0.0513 1.96E-02 -3.933 9.34E-03 -4.67 0.021 0.154
5.25E-04 -7.55 0.0443 1.26E-02 -4.375 7.59E-03 -4.88 0.029 0.211
SUMMARY	OUTPUT1
Regression	Statistics Regression	Statistics
Multiple	R 0.991539849
R	Square 0.983151273
Adjusted	R	Square 0.966302546
Standard	Error 0.029473948
Observations 3
ANOVA
df SS MS F Significance	F
Regression 1 0.050690886 0.050690886 58.351664 0.082868758
Residual 1 0.000868714 0.000868714
Total 2 0.051559599
Coefficients Standard	Error t	Stat P-value Lower	95% Upper	95%
Intercept -2.001875632 0.517026274 -3.871903096 0.1609042 -8.571317327 4.567566063
X	Variable	1 1.094297544 0.143254674 7.638826099 0.0828688 -0.725925675 2.914520763
SUMMARY	OUTPUT2
Regression	Statistics Regression	Statistics
Multiple	R 0.908461066
R	Square 0.825301508
Adjusted	R	Square 0.650603015
Standard	Error 0.088924627
Observations 3
ANOVA
df SS MS F Significance	F
Regression 1 0.037356621 0.037356621 4.7241479 0.274516211
Residual 1 0.007907589 0.007907589
Total 2 0.04526421
Coefficients Standard	Error t	Stat P-value Lower	95% Upper	95%
Intercept -5.935786068 0.691486072 -8.584100696 0.0738299 -14.72194966 2.850377529
X	Variable	1 0.375899161 0.172945639 2.173510491 0.2745162 -1.821583537 2.573381859
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Yield	 Yield	
Feed	Basis Prod.	BasisMass	Balance	Error,	%
80.7% 76.1% -6.0%
69.2% 71.9% 3.8%
81.0% 77.4% -4.6%
Yield	 Yield	
Feed	Basis Prod.	BasisMass	Balance	Error,	%
108.3% 81.4% -33.0%
66.1% 75.1% 11.9%
90.2% 82.7% -9.2%
SUMMARY	OUTPUT1
Regression	Statistics
Multiple	R 0.99519548
R	Square 0.99041405
Adjusted	R	Square0.98082811
Standard	Error 0.04949081
Observations 3
ANOVA
df SS MS F Significance	F
Regression 1 0.253064269 0.253064 103.3194 0.06243
Residual 1 0.00244934 0.002449
Total 2 0.255513609
Coefficients Standard	Error t	Stat P-value Lower	95% Upper	95%
Intercept 7.91863269 1.296983533 6.105423 0.103354 -8.56111 24.39837
X	Variable	1 2.21544335 0.21795647 10.16461 0.06243 -0.55396 4.984843
SUMMARY	OUTPUT2
Regression	Statistics
Multiple	R 0.99943793
R	Square 0.99887618
Adjusted	R	Square0.99775237
Standard	Error 0.02619043
Observations 3
ANOVA
df SS MS F Significance	F
Regression 1 0.609679803 0.60968 888.8258 0.021346
Residual 1 0.000685938 0.000686
Total 2 0.610365741
Coefficients Standard	Error t	Stat P-value Lower	95% Upper	95%Lower	95.0%Upper	95.0%
Intercept 22.8213278 0.915337813 24.93214 0.02552 11.19086 34.4518 11.19086 34.4518
X	Variable	1 3.67006226 0.123102001 29.81318 0.021346 2.105903 5.234221 2.105903 5.234221
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	 	The	exponents	on	C	in	the	G	correlation	are	1	and	0.4	for	CRYST3	and	CRYST2,	respectively,	much	lower	than	the	value	found	by	Franck	et	al.The	exponents	on	G	in	the	B0	correlation	are	2.2	and	3.7	for	CRYST3	and	CRYST2,	respectively,	also	much	lower	than	Franck	et	al.
This	also	means	the	exponent	"b"	in	the	correlation	of	Eq.	5	would	be	below	Franck	et	al.'s	value.
So	the	primary	conclusion	is	that	supersaturation	has	a	much	lower	effect	on	both	growth	rate	and	birth	rate	in	this	experiment	than	in	those	conducted	by	Franck	et	al.
What	was	different?		The	primary	difference	in	conditions	was	that	Franck	et	al.	used	highly	sterile	feeds.		By	necessity	we	must	use	the	city	water	supply	to	make	up	ours.
The	city	water	supply	would	have	far	more	salts	present	that	could	negatively	affect	the	crystallization	rate	through	effects	on	the	kinetics.		At	the	surface	of	the	crystals
the	SAL	from	the	solution	must	organize	itself	efficiently	into	a	crystal	lattice.		Anything	that	affects	the	surface	energies	might	impede	that	process	-	and	foreign	ions	at
the	interface	would	certanly	affect	surface	energies.		The	presence	of	foreign	salt	ions	would	also	affect	the	diffusivities	of	the	H+	and	SAL-	ions	to	the	interface.
The	overall	mass	transfer	coefficient	in	crystallization	is	actually	a	combination	of	2	resistances	-	one	due	to	mass	transfer	only,	the	other	due	to	reaction	at	the	interface.
Another	way	you	can	tell	that	foreign	ions	are	present	is	by	examining	the	pH	values	above.		Note	that	the	two	sets	of	data	were	taken	at	different	times	of	the	year,
but	in	both	cases	the	T,	agitation	rate,	and	feed	concentrations	were	held	constant.		If	the	water	used	in	makeup	was	exactly	the	same,	we	would	expect	to	have	roughly
equivalent	pH	values	in	the	crystallizer.		But	as	seen	they	differ	by	from	0.6-0.9	units,	being	uniformly	lower	for	CRYST2.		Since	the	probe	was	calibrated	prior	to	each	run,
this	difference	is	significant.
A	second	possibility	is	as	follows.		Because	the	crystallization	process	consists	of	simultaneous	mass	transfer	-	reaction,	it	is	possible	that	one	"resistance"	(mass	transfer	or
reaction	at	interface)	could	dominate	over	another.		For	film	theory	mass	transfer,	the	exponent	on	ΔC	must	be	1	(it	could	be	greater	for	other	mass	transfer	theories,	but	
not	much	greater).		While	the	exponent	on	ΔC	in	the	"kinetics"	resistance	could	be	much	higher,	the	low	exponents	on	G	obtained	here	would	suggest	that	mass	transfer
is	the	dominant	resistance.		But	this	still	begs	the	question	as	to	why	Franck	et	al.	did	not	find	that	mass	transfer	dominated.		Consideration	of	that	fact	leads	us	back	to
the	conclusion	that	something	about	our	solutions	was	differrent,	and	the	city	water	supply	is	the	most	obvious	culprit.
Part	4
When	you	use	a	fiber	optic	probe	for,	say,	UV	spectroscopy,	you	would	clean	it	between	each	sample,	usually	with	DI	water.		But	when	you	mount	it	in	the	crystallizer	there
is	no	way	to	easily	clean	it	online.		The	absorbance	is	continuously	increasing	because	the	probe	surface	is	adsorbing	the	salts	present	in	solution.
NOTE:		This	is	why	for	many	online	analyzers	in	liquid-phase	reactors,	the	designs	are	quite	sophisticated.		For	example,	by	operating	remotely	controlled	mini-solenoid	valves,	
it	is	possible	to	take	the	analyzer	offline	briefly	and	inject	cleaning	solutions,	then	rinse,	them	bring	it	back	online.
The	1st	reason	for	the	discrepancy	between	in-reactor	and	overflow	line	samples	is	related	to	the	problem	that	plagues	all	systems	where	a	solid-liquid	slurry	must	flow.
It's	hard	to	get	a	perfectly	uniform	flow	of	the	two	phases.		So	over	a	long	time	the	samples	might	be	equivalent,	but	for	samples	of	10-15	mL	that	might	not	be	the	case.
The	students	always	averaged	at	least	3	samples	to	get	the	data	reported	here,	but	even	that	may	not	be	sufficient	to	ensure	accuracy.
It	is	unlikely	that	the	crystallizer	is	a	perfect	MSMPR	-	even	at	the	lab	scale	this	is	difficult	to	achieve.		That	is	why	when	samples	from	within	the	reactor	are	taken	they	must	
be	of	sufficient	size	(smoothing	out	spatial	gradients),	and	one	must	avoid	areas	where	crystals	tend	to	build	up	and	stick,	e.g.,	baffles.
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Part	1
CRYST3 SAL density	= 1.443
Solubility= 4.38 g/L 138.12
Volume	(mL) 4153
RM H2SO4 RM H2SO4 Total pH T	(C	) τ	(min) Lavg	(µm) G(	cm/min)
RUN1 0.35 0.25 85.0 42.5 127.5 4.16 49 32.6 876.00 2.69E-03
RUN2 0.35 0.25 119.0 59.5 178.5 4.77 47 23.3 700.00 3.01E-03
RUN3 0.35 0.25 51.0 25.5 76.5 4.14 49 54.3 1190.00 2.19E-03
CRYST1 SAL density	= 1.443
Solubility= 4.38 g/L 138.12
Volume	(mL) 4000
RM H2SO4 RM H2SO4 Total pH T	(C	) τ	(min) Lavg	(µm) G(	cm/min)
RUN1 0.25 0.25 56.0 28.7 84.7 2.24 49 47.2 749.00 1.59E-03
RUN2 0.26 0.25 80.6 41.9 122.5 2.32 49 32.7 768.00 2.35E-03
RUN3 0.292 0.25 105.5 61.3 166.8 2.23 47 24.0 791.00 3.30E-03
Part	2
Obviously	the	data	of	CRYST1	are	more	of	a	problem	because	the	measured	driving	forces	are	negative	in	2	of	the	3	runs.
Also,	for	any	reactor	(and	the	crystallizer	is	also	a	reactor),	we	expect	that	as	we	increase	the	residence	time,	the	conversion	(in	this	case,	as	measured	by	Y)	will	increase.
This	is	the	case	for	CRYST3	but	not	for	CRYST1,	where	Y	decreases,	then	increases,	as	the	residence	time	increases.
The	mass	balance	errors	(MBEs)	for	CRYST1	are	also	slightly	larger,	and	all	in	the	same	direction	(positive),	meaning	the	measured	feed	rate	>	product	rate.
Because	the	agitation	speed,	T,	and	the	feed	solutions	are	constant	within	CRYST1	(also	within	CRYST3,	although	different	from	CRYST1),	we	would	expect	the	measured
growth	rates	to	be	the	same	-	one	growth	rate	for	CRYST3,	another	for	CRYST1.		We	see	that	the	measured	G's	vary	by	37%	for	CRYST3	but	108%	for	CRYST1.
All	of	these	results	confirm	that	there	are	probable	measurement	or	human	errors	associated	with	one	or	more	runs	in	the	CRYST1	data	set.
In	the	calculations	below	we	perform	parametric	variation	of	a	single	variable	to	determine	the	potential	measurement	problem,	and	then	a	combination	of	2	variables.
CRYST1 SAL density	= 1.443
Solubility= 4.38 g/L 138.12
Volume	(mL) 4000
RM H2SO4 RM H2SO4 Total pH T	(C	) τ	(min) Lavg	(µm) G(	cm/min)
RUN1 0.25 0.25 56.0 28.7 84.7 2.24 49 47.2 749.00 1.59E-03
RUN2 0.26 0.25 80.6 41.9 122.5 2.32 49 32.7 768.00 2.35E-03
RUN3 0.292 0.25 105.5 61.3 166.8 2.23 47 24.0 791.00 3.30E-03
We	can	immediately	eliminate	the	feed	concentrations	and	feed	rates	from	a	first-order	(one	variable	in	error	only)	analysis,	because	while	their	parametric	variation	would	improve	the	mass
balances,	there	is	no	way	they	can	affect	the	driving	force	ΔC.		The	same	is	true	for	the	crystal	(SAL)	concentrations.		Only	the	C(NaSAL)	concentration	can	affect	driving	force,	mass	balance,
and	Y's	simultaneously.
BIAS	FAC	= 1.3
If	we	multiply	the	C(NaSAL)	values	by	this	bias,	we	see	that	all	of	the	ΔC's	are	converted	to	positive	numbers,	and	the	MBEs	are	greatly	reduced.
This	suggests	that	there	was	a	problem	with	the	fiber	optic	probe	for	C(NaSAL),	for	at	least	one	or	more	runs.		However,	it	is	possible	that	the	probe	was	more	accurate	for
certain	runs	than	others,	because	presumably	it	was	calibrated	prior	to	each	run.		Therefore	a	better	way	to	explore	this	might	be	to	use	a	different	bias	factor	on	C(NaSAL)
for	each	individual	run.		I	do	this	below,	using	bias	factors	=	1.4,	1,	and	1.6	(Runs	1,	2,	3	repsectively)	on	C(NaSAL),	forcing	all	of	the	ΔC's	positive	and	reducing	the	MBE's.
However,	this	does	little	to	affect	the	Y's.		We	can	reduce	the	MBEs	even	further,	while	at	the	same	time	forcing	the	Y's	closer	to	the	expected	order,	by	varying	either	of	the
two	NaSAL	feed	variables,	either	flow	or	concentration	-	they	have	the	same	effects.		By	using	a	bias	factor	=	0.9	for	Run	2,		we	have	now	reduced	all	the	MBEs	<	2%,
while	at	the	same	time	driving	the	Y's	in	the	correct	direction.		However,	we	still	don't	have	the	Y's	in	the	correct	order	with	respect	to	flow	rate.
CRYST1 SAL density	= 1.443
Solubility= 4.38 g/L 138.12
Volume	(mL) 4000
Initial	Concentration	(M) Vol.	Flow	(mL/min)
NaSAL H2SO4 NaSAL H2SO4 Total pH T	(C	) τ	(min) Lavg	(µm) G(	cm/min)
RUN1 0.25 0.25 56.0 28.7 84.7 2.24 49 47.2 749.00 1.59E-03
RUN2 0.234 0.25 80.6 41.9 122.5 2.32 49 32.7 768.00 2.35E-03
RUN3 0.292 0.25 105.5 61.3 166.8 2.23 47 24.0 791.00 3.30E-03
The	exercise	shows	that	the	measured	variable	with	the	most	error	is	C(NaSAL).		But	there	is	also	probable	error	in	either	the	feed	concentration	or	feed	flow	rate,	at	least	for	Run3.
Initial	Concentration	(M) Vol.	Flow	(mL/min)
Initial	Concentration	(M) Vol.	Flow	(mL/min)
Initial	Concentration	(M) Vol.	Flow	(mL/min)
Lab Assignment #2
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	 	g/cm3g/mol 0.031711555 mol/L
Yield	
LN	(G) C(RM)	mol/L ΔC	mol/L LN	(ΔC	) B0	mol/L·min LN	(B0) Crystal	g/mL C(SAL)	mol/L Prod.	Basis Mass	Balance	Error,	%
-5.92 5.90E-02 2.73E-02 -3.601 5.78E-03 -5.15 0.026 0.188 76.1% -6.0%
-5.81 6.30E-02 3.13E-02 -3.465 6.94E-03 -4.97 0.022 0.161 71.9% 3.8%
-6.12 5.51E-02 2.34E-02 -3.756 3.48E-03 -5.66 0.026 0.189 77.4% -4.6%
g/cm3
g/mol 0.031711555 mol/L
Yield	
LN	(G) C(RM)	mol/L ΔC	mol/L LN	(ΔC	) B0	mol/(L·min) LN	(B0) Crystal	g/mL C(SAL)	mol/L Prod.	Basis Mass	Balance	Error,	%
-6.45 2.80E-02 -3.68E-03 #NUM! 2.61E-03 -5.95 0.017 0.123 81.4% 8.6%
-6.05 3.74E-02 5.69E-03 -5.169 3.50E-03 -5.65 0.016 0.114 75.4% 11.3%
-5.71 2.56E-02 -6.08E-03 #NUM! 6.01E-03 -5.11 0.020 0.144 84.9% 8.1%
g/cm3
g/mol 0.031711555 mol/L
Yield	
LN	(G) C(RM)	mol/L ΔC	mol/L LN	(ΔC	) B0	mol/(L·min) LN	(B0) Crystal	g/mL C(SAL)	mol/L Prod.	Basis Mass	Balance	Error,	%
-6.45 3.64E-02 4.73E-03 -5.353 2.61E-03 -5.95 0.017 0.123 77.2% 3.5%
-6.05 4.86E-02 1.69E-02 -4.080 3.50E-03 -5.65 0.016 0.114 70.2% 4.7%
-5.71 3.33E-02 1.61E-03 -6.433 6.01E-03 -5.11 0.020 0.144 81.2% 3.9%
We	can	immediately	eliminate	the	feed	concentrations	and	feed	rates	from	a	first-order	(one	variable	in	error	only)	analysis,	because	while	their	parametric	variation	would	improve	the	mass
balances,	there	is	no	way	they	can	affect	the	driving	force	ΔC.		The	same	is	true	for	the	crystal	(SAL)	concentrations.		Only	the	C(NaSAL)	concentration	can	affect	driving	force,	mass	balance,
g/cm3
g/mol 0.031711555 mol/L
Yield	
LN	(G) C(NaSAL)	mol/L ΔC	mol/L LN	(ΔC	) B0	mol/(L·min) LN	(B0) Crystal	g/mL C(SAL)	mol/L Prod.	Basis Mass	Balance	Error,	%
-6.45 3.92E-02 7.54E-03 -4.888 2.61E-03 -5.95 0.017 0.123 75.8% 1.8%
-6.05 3.74E-02 5.69E-03 -5.169 3.50E-03 -5.65 0.016 0.114 75.4% 1.4%
-5.71 4.10E-02 9.30E-03 -4.678 6.01E-03 -5.11 0.020 0.144 77.8% -0.2%
The	exercise	shows	that	the	measured	variable	with	the	most	error	is	C(NaSAL).		But	there	is	also	probable	error	in	either	the	feed	concentration	or	feed	flow	rate,	at	least	for	Run3.
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	 	LAB	ASSIGNMENT	2,	PARTS	3	AND	4Length	in	mm
50%	max.	flow Run	1	
Run	1	S1 Run	1	S2 Run	1	S3
1 0.4 0.6 0.4
2 0.5 0.6 0.5
3 0.5 0.6 0.5
4 0.6 0.7 0.6
5 0.6 0.7 0.6
6 0.6 0.7 0.6
7 0.6 0.7 0.6
8 0.6 0.7 0.7
9 0.7 0.8 0.7
10 0.7 0.8 0.7
11 0.7 0.8 0.7
12 0.7 0.8 0.7
13 0.8 0.8 0.7
14 0.8 0.8 0.7
15 0.8 0.9 0.8
16 0.8 0.9 0.8
17 0.9 1 0.8
18 0.9 1 0.8
19 0.9 1 0.9
20 0.9 1 0.9
21 0.9 1 0.9
22 0.9 1 0.9
23 1.0 1 0.9
24 1.0 1 0.9
25 1.0 1 1
26 1.1 1.1 1
27 1.2 1.1 1
28 1.4 1.1 1
29 1.5 1.3 1.2
30 1.5 1.4 1.4
0-.50 3 0 3 ρc	= 1440 kg/m3
.501-1.0 22 25 25 MW	= 138.12 kg/kgmol
1.001-1.5 5 5 2 ρM	= 10.425717 kgmol/m3
1.501-2.0 0 0 0
2.001-2.5 0 0 0
Lavg= 0.848 This	is	just	the	average	of	all	the	data	above.		If	our	numerical	calculations	of	the	distribution	were
perfect,	this	number	would	match	exactly	the	average	in	cell	K68,	which	is	based	on	the	CSD.
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#	Crysts. Cumulative	# L dN/dL ∫[(dN/dL)*dL] d(N/V)/dL ∫[(d(N/V)/dL)*dL]CSDd*L CSDd*L2 ∫,	1st	moment ∫,	2nd	moment
2 2 0.4 5 1 0.597 0.119 0.239 0.096 0.048 0.019
4 6 0.5 80 4.25 9.559 0.508 4.780 2.390 0.251 0.124
12 18 0.6 140 11 16.729 1.314 10.037 6.022 0.741 0.421
16 34 0.7 150 14.5 17.924 1.733 12.547 8.783 1.129 0.740
14 48 0.8 140 14.5 16.729 1.733 13.383 10.707 1.296 0.974
14 62 0.9 150 14.5 17.924 1.733 16.131 14.518 1.476 1.261
16 78 1.0 100 12.5 11.949 1.494 11.949 11.949 1.404 1.323
4 82 1.1 30 6.5 3.585 0.777 3.943 4.338 0.795 0.814
2 84 1.2 15 2.25 1.792 0.269 2.151 2.581 0.305 0.346
1 85 1.3 20 1.75 2.390 0.209 3.107 4.039 0.263 0.331
3 88 1.4 25 2.25 2.987 0.269 4.182 5.855 0.364 0.495
2 90 1.5 20 2.25 2.390 0.269 3.585 5.377 0.388 0.562
1.6 0
1.7 0
1.8 0
1.9 0
2.0 0
2.1 0
AREA= 87.25 ρM	= 10.4257168 8.460 7.411
V	FAC= 8.368729
This	is	the	volume	of	crystals	including	conversion	factors Lavg 0.811 0.876
All	necessary	conversion	factors	are	present	since	the Number Avg. Area Avg.
result	for	the	integration	is	forced	to	match	ρM.
STD DEVIATION 0.234
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	 	70%	max.	flow Run	2	
Run	2	S1 Run	2	S2 Run	2	S3
1 0.5 0.5 0.5
2 0.5 0.5 0.5
3 0.6 0.5 0.5
4 0.6 0.5 0.5
5 0.6 0.5 0.5
6 0.6 0.5 0.5
7 0.7 0.5 0.6
8 0.7 0.5 0.6
9 0.7 0.5 0.6
10 0.7 0.6 0.6
11 0.7 0.6 0.7
12 0.7 0.6 0.7
13 0.8 0.6 0.7
14 0.8 0.6 0.7
15 0.8 0.6 0.7
16 0.8 0.7 0.8
17 0.8 0.7 0.8
18 0.8 0.7 0.8
19 0.8 0.7 0.8
20 0.8 0.7 0.8
21 0.8 0.7 0.8
22 0.8 0.7 0.8
23 0.8 0.7 0.8
24 0.8 0.7 0.8
25 0.9 0.7 0.8
26 0.9 0.8 0.9
27 0.9 0.8 0.9
28 0.9 0.8 0.9
29 0.9 0.8 0.9
30 0.9 0.9 0.9
0-.50 2.0 9 6
.501-1.0 28.0 21 24
1.001-1.5
1.501-2.0
2.001-2.5
Lavg= 0.702 This	is	just	the	average	of	all	the	data	above.		If	our	numerical	calculations	of	the	distribution	were
perfect,	this	number	would	match	exactly	the	average	in	cell	Y68,	which	is	based	on	the	CSD.
#	Crysts. Cumulative	# L dN/dL ∫[(dN/dL)*dL] d(N/V)/dL ∫[(d(N/V)/dL)*dL]CSDd*L CSDd*L2 ∫,	1st	moment ∫,	2nd	moment
0 0 0.4 0 0 0 0 0 0 0 0
17 17 0.5 155 7.75 19.83 0.99 9.91 4.96 0.50 0.25
14 31 0.6 175 16.5 22.39 2.11 13.43 8.06 1.17 0.65
21 52 0.7 235 20.5 30.06 2.62 21.04 14.73 1.72 1.14
26 78 0.8 190 21.25 24.31 2.72 19.44 15.56 2.02 1.51
12 90 0.9 120 15.5 15.35 1.98 13.82 12.43 1.66 1.40
1.0 0
1.1 0
1.2 0
1.3 0
1.4 0
1.5 0
1.6 0
1.7 0
1.8 0
1.9 0
2.0 0
2.1 0
AREA= 81.5 ρM	= 10.4257168 7.074 4.952
V	FAC= 7.817208
This	is	the	volume	of	crystals	including	conversion	factors Lavg 0.679 0.700
All	necessary	conversion	factors	are	present	since	the Number Avg. Area Avg.
result	for	the	integration	is	forced	to	match	ρM.
STD DEVIATION 0.132
		86	
	 	30%	max.	flow Run	3
Run	3	S1 Run	3	S2 Run	3	S3
1 0.6 0.5 0.5
2 0.6 0.5 0.6
3 0.8 0.6 0.7
4 0.8 0.7 0.8
5 0.9 0.7 0.9
6 0.9 0.8 1
7 0.9 0.8 1
8 0.9 0.8 1
9 1.0 0.8 1
10 1.1 0.8 1.1
11 1.1 0.8 1.1
12 1.2 0.9 1.1
13 1.2 0.9 1.2
14 1.2 0.9 1.2
15 1.2 0.9 1.3
16 1.2 1 1.3
17 1.3 1 1.3
18 1.3 1 1.3
19 1.3 1 1.3
20 1.3 1.1 1.4
21 1.4 1.1 1.4
22 1.4 1.1 1.4
23 1.5 1.1 1.5
24 1.5 1.1 1.5
25 1.5 1.1 1.5
26 1.5 1.2 1.5
27 1.5 1.2 1.7
28 1.5 1.3 1.7
29 1.6 1.4 2
30 1.8 1.5 2.1
0-.50 0.0 2 1
.501-1.0 9 17 7
1.001-1.5 19 11 17
1.501-2.0 2 3
2.001-2.5 2
Lavg= 1.13 This	is	just	the	average	of	all	the	data	above.		If	our	numerical	calculations	of	the	distribution	were
perfect,	this	number	would	match	exactly	the	average	in	cell	AL68,	which	is	based	on	the	CSD.
#	Crysts. Cumulative	# L dN/dL ∫[(dN/dL)*dL] d(N/V)/dL ∫[(d(N/V)/dL)*dL]CSDd*L CSDd*L2 ∫,	1st	moment ∫,	2nd	moment
0 0 0.4 0 0 0 0 0 0 0 0
3 3 0.5 35 1.75 4.12 0.21 2.06 1.03 0.10 0.05
4 7 0.6 35 3.5 4.12 0.41 2.47 1.48 0.23 0.13
3 10 0.7 60 4.75 7.07 0.56 4.95 3.46 0.37 0.25
9 19 0.8 90 7.5 10.60 0.88 8.48 6.79 0.67 0.51
9 28 0.9 90 9 10.60 1.06 9.54 8.59 0.90 0.77
9 37 1.0 100 9.5 11.78 1.12 11.78 11.78 1.07 1.02
11 48 1.1 100 10 11.78 1.18 12.96 14.25 1.24 1.30
9 57 1.2 95 9.75 11.19 1.15 13.43 16.12 1.32 1.52
10 67 1.3 80 8.75 9.42 1.03 12.25 15.93 1.28 1.60
6 73 1.4 85 8.25 10.01 0.97 14.02 19.63 1.31 1.78
11 84 1.5 60 7.25 7.07 0.85 10.60 15.90 1.23 1.78
1 85 1.6 15 3.75 1.77 0.44 2.83 4.52 0.67 1.02
2 87 1.7 15 1.5 1.77 0.18 3.00 5.11 0.29 0.48
1 88 1.8 5 1 0.59 0.12 1.06 1.91 0.20 0.35
0 88 1.9 5 0.5 0.59 0.06 1.12 2.13 0.11 0.20
1 89 2.0 10 0.75 1.18 0.09 2.36 4.71 0.17 0.34
1 90 2.1 10 1 1.18 0.12 2.47 5.20 0.24 0.50
AREA= 88.5 ρM	= 10.4257168 11.42 13.59
V	FAC= 8.488625
This	is	the	volume	of	crystals	including	conversion	factors Lavg 1.09 1.19
All	necessary	conversion	factors	are	present	since	the Number Avg. Area Avg.
result	for	the	integration	is	forced	to	match	ρM.
STD DEVIATION 0.331
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Predicted Predicted
L n	=d(N/V)/dL ln(n) ln(n) n
0.4 0.597462279 -0.51506
0.5 9.559396464 2.257525 3.073978 21.62776
0.6 16.72894381 2.81714 2.838124 17.08369
0.7 17.92386837 2.886133 2.602271 13.49435
0.8 16.72894381 2.81714 2.366417 10.65914
0.9 17.92386837 2.886133 2.130564 8.419615
1.0 11.94924558 2.480668 1.894711 6.650624
1.1 3.584773674 1.276695 1.658857 5.253305
1.2 1.792386837 0.583548 1.423004 4.149567
1.3 2.389849116 0.87123 1.187151 3.277728
1.4 2.987311395 1.094374 0.951297 2.589066
1.5 2.389849116 0.87123 0.715444 2.045094
SUMMARY	OUTPUT
Regression	Statistics
Multiple	R 0.825504
R	Square 0.681456
Adjusted	R	Square0.646063
Standard	Error 0.563745
Observations 11
ANOVA
df SS MS F Significance	F
Regression 1 6.118949 6.118949 19.25358 0.0017509
Residual 9 2.860276 0.317808
Total 10 8.979224
CoefficientsStandard	Error t	Stat P-value Lower	95% Upper	95% Lower	95.0%Upper	95.0%
Intercept 4.253244 0.563745 7.544625 3.52E-05 2.9779646 5.528524029 2.977965 5.528524
X	Variable	1 -2.35853 0.53751 -4.38789 0.001751 -3.5744651 -1.142602095 -3.57447 -1.1426
Computed	G	= 1.30E-03 cm/min
This	compares	to		2.69	x	10-3	cm/min	by	using	the	average	L,	in	CRYST3
Clearly	the	average	L	in	this	case	provides	a	better	estimate	of	the	G-value.
The	exponential	distribution	is	just	not	followed	closely	at	smaller	L-values,
for	all	the	reasons	stated	in	the	ESRL	module	at	the	bottom	of	p.6.
Improving	the	crystal	size	analysis	(e.g.,	using	an	electron	instead	of	light
microscope,	or	using	more	sophisticated	particle	sizing	software)	would
probably	help	some	in	getting	a	more	accurate	distribution.
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The	numerical	methods	used	are:		Differentiation	-	center	difference;	Integration	-	trapezoidal	rule.
Note	that	the	expected	trend	is	that	as	τ 	decreases,	the	average	L	does	also.		However,	for	an	MSMPR	
at	constant	T,	agitation	and	feed	composition,	the	average	L	should	be	linear	with	respect	to	τ	(the	STD	DEV	also,	
although	that's	a	little	less	obvious).		None	of	the	averages	follow	this	trend	perfectly,	although	the	trend	is	better
followed	for	the	standard	deviation	than	for	the	averages	themselves.
Length	averages	-	all	results	in	mm
%	Flow τ,	min raw	avg L1 L2 STD	DEV
RUN	3 30% 54.3 1.133 1.09 1.19 0.331
RUN	1 50% 32.6 0.848 0.811 0.876 0.234
RUN	2 70% 23.3 0.702 0.679 0.7 0.132
Note	that	in	agreement	with	data	on	most	stirred	tank-typ	crystallizers,	the	CSD	does	not	follow	a	perfectly
exponential	distribution.		The	reasons	are	listed	in	the	Module,	near	the	bottom	of	p.6.		Therefore	we	should	not		
expect	for	the	trends	for	average	L	and	L	standard	deviation	with	respect	to	τ	to	be	followed	exactly.
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	 	Dissociation of Salicylic Acid, a weak, monoprotic, conjugate acid Input DataStep 1 SAL	(aq) 					↔ H+ 					+ SAL¯ Ka = 1.07E-03
Step 2 H2O 					↔ H+ 					+ OH¯ Kw = 1E-14
Let F = the total salicylate conc. (saturated solution) F= 0.0162 mol/L
Let X = the moles of H+ Ka	= [H+]*[SAL¯]/[SAL]
Let Y = the moles of SAL¯
Let Z = the moles of OH¯ Kw	= [H+]*[OH¯]/[H2O]
Then
To	solve Calculated
X= 3.66E-03
Y= 3.66E-03
Z= 2.77E-12
pH= 2.436166912
Equations for Solver
Ka 1.07E-03 Ka	 						= (X*Y)/[F	-	X]
Kw 1.01E-14 [OH¯]	=	Z 						= Kw/X
Net	Charge -2.80E-19 Charge	Balance	X	=	Y	+	Z
Crystallizer Exercise #6
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Crystallization	of	Salicylic	Acid	(SAL)	from	Sodium	Salicylate	(RM)	and	Sulfuric	Acid
Dissociation	of	H2SO4 Keq Dissociation	of	SAL
H2SO4	->	HSO4-	+	H+				Strong	dissociation	step 104 SAL	->	SAL-	+	H+								K[SAL]= 0.001258925
HSO4-	->	SO42-	+	H+					K[HSO4-]= 0.015135612 H2O	->	OH-	+	H+						pK[W]= 13.34
Knowns: Unknowns:
C(RM):	Concentration	of	NaSAL	in	feed	(mol/L) C(S):	Concentration	of	salicylic	acid	crystal
C(H2SO4):	Concentration	of	H2SO4	in	feed C(L):	Concentration	of	undissociated	salicylic	acid	(aqueous)
QRMfeed:	Flow	rate	of	NaSAL	feed	(mL/min) C(SAL):	Concentration	of	dissociated	SAL	(aqueous),	SAL-	ions
QHfeed:	Flow	rate	of	H2SO4	feed C(SO4):	Concentration	of	dissociated	SO42-	ions
Qout:	Flow	rate	of	product	or	effluent. C(HSO4):	Concentration	of	HSO4-	ions
pH
pOH
Solution	of	the	mass	balances	obtained	by	specifying	either	C(S)	or	the	pH	of	the	system.		Solve	the	following	equations	simutaneously.
Equilibrium	of	water:
SAL	component	balance:	
SO4-	component	balance:	
Electroneutrality:
Dissociation	of	SAL:	
Dissociation	of	SO4-:	
Feeds
2	mols	of	NaSAL(RM)	will	react	with	1	mol	of	H2SO4
C(H2SO4) 0.25 mol/L C(RM) 0.25 mol/L Overall	material	balance
Qhfeed 28.7 mL/min QRMfeed 56 mL/min Qout 84.7 mL/min
F(H2SO4) 0.007175 mmol/min F(RM) 0.014 mmol/min
Specify: Yield 0.7
C(S) 0.000115702 mol/L
Assume	that	all	NaSAL	dissociates,	hence	concentration	[Na+]	=	Q(RM)*C(RM)	/	Q(out)
[Na+] 0.165289256 mol/L
Complete	dissociation	of	[HSO4-]	from	rxn	1
Maximum	possible	[HSO4-] 0.075 mol/L
Solubility	of	SAL 0.031711555 mol/L
C(L) 0.137924675 mol/L Water	equilibrium 0.00E+00 4	equations	in	purple	cells	are	constraints.
C(SAL) 0.027248879 mol/L Dissociation	of	SAL:	 6.92E-07 Minimize	objective	function
C(SO4) 0.059724214 mol/L Dissociation	of	SO4-:	 -8.67E-07 C(SAL)	and	C(S)	can	never	be	greater	than	[Na+]	
C(HSO4) 0.024987067 mol/L SAL	component	balance:	 1.26E-29
pH 2.197440246 SO4-	component	balance:	 2.07E-09
pOH 11.14255975 Electroneutrality: 2.33E-09
Objective	Function 4.40E-09
[H+] 6.35E-03 mol/L
[OH-] 7.20E-12 mol/L check	[Na+]-C(S)-C(SAL)-C(L)	=0 0.00E+00
Specify: pH 2.5
Assume	that	all	NaSAL	dissociates,	hence	concentration	[Na+]	=	C(RM)	*	Q(RM)	/Q(out)
[Na+] 0.165289256 mol/L
Solubility	of	SAL 0.0373 mol/L
C(S) 1.17E-01 mol/L Water	equilibrium 0.00E+00 4	equations	in	purple	cells	are	constraints.
C(L) 3.44E-02 mol/L Dissociation	of	SAL:	 -2.26E-13 Minimize	objective	function
C(SAL) 1.37E-02 mol/L Dissociation	of	SO4-:	 -4.52E-15 C(SAL)	and	C(S)	can	never	be	greater	than	[Na+]	
C(SO4) 7.01E-02 mol/L SAL	component	balance:	 2.84E-29
C(HSO4) 1.46E-02 mol/L SO4-	component	balance:	 1.17E-08
pOH 10.84 Electroneutrality: 1.80E-11
Objective	Function 1.17E-08
[OH-] 1.45E-11 mol/L
[H+] 3.16E-03 mol/L check	[Na+]-C(S)-C(SAL)-C(L)	=0 0.00E+00
Yield 0.709416517
Initial	guesses	(and	converged	results) Equations	to	be	solved Note	on	using	Solver:
2NaSAL	+	H2SO4	->	SAL(crystal)	+	SAL(aq)	+	Na2SO4(aq)
Solution	1,	specify	yield	which	in	turn	specifies	C(S).
Initial	guesses	(and	converged	results) Equations	to	be	solved Note	on	using	Solver:
Solution	2,	specify	pH	which	in	turns	specifies	pOH
Crystallizer Exercise 7
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Example	of	solution	type	2	with	a	different	feed,	pH	vs.	Yield	(Cryst	1,	Run	1)
feed	conc.,	mol/L flow	rate,	mL/min
RM 0.25 56
H2SO4 0.25 28.7
pH C(S) C(L) C(SAL) C(SO4)	 C(HSO4) Yield
2.2 3.60E-03 1.35E-01 2.69E-02 5.98E-02 2.49E-02 2.18%
2.35 7.52E-02 7.02E-02 1.98E-02 6.54E-02 1.93E-02 45.52%
2.5 1.17E-01 3.44E-02 1.37E-02 7.01E-02 1.46E-02 70.93%
2.75 1.49E-01 9.26E-03 6.55E-03 7.58E-02 8.91E-03 90.43%
3 1.62E-01 1.25E-03 2.09E-03 7.95E-02 5.22E-03 97.98%
3.5 1.65E-01 3.40E-11 0.00E+00 8.30E-02 1.73E-03 100.00%
4 1.65E-01 3.40E-11 4.28E-10 8.42E-02 5.56E-04 100.00%
Example	with	different	feed	(Cryst	3,	Run1)
Example	of	solution	type	1	
feed	conc.,	mol/L flow	rate,	mL/min 	flow	rate,	mL/min
RM 0.35 85 127.5
H2SO4 0.25 42.5
Yield 0.4399 Assume	that	all	NaSAL	dissociates,	hence	concentration	[Na+]	=	Q(RM)*C(RM)	/	Q(out)
C(S) 0.102643333 mol/L [Na+] 0.233333333 mol/L
Solution:
C(L) 5.79E-02 mol/L
C(SAL) 7.28E-02 mol/L
C(SO4) 7.82E-02 mol/L
C(HSO4) 5.16E-03 mol/L
pH 2.999999672
pOH 10.34000033
Example	of	solution	type	2,	pH	vs.	Yield	
pH C(S) C(L) C(SAL) C(SO4)	 C(HSO4) Yield
2.6 0.00E+00 1.56E-01 7.76E-02 7.15E-02 1.19E-02 0.00%
2.65 1.11E-02 1.43E-01 7.97E-02 7.25E-02 1.08E-02 4.76%
2.75 4.72E-02 1.09E-01 7.72E-02 7.46E-02 8.76E-03 20.22%
3 1.03E-01 5.79E-02 7.28E-02 7.82E-02 5.16E-03 43.99%
3.5 1.47E-01 1.80E-02 6.87E-02 8.16E-02 1.71E-03 62.83%
4 1.61E-01 5.35E-03 6.73E-02 8.28E-02 5.47E-04 68.86%
4.5 1.65E-01 1.68E-03 6.69E-02 8.32E-02 1.74E-04 70.62%
5 1.65E-01 1.11E-03 6.69E-02 8.33E-02 1.15E-07 70.86%
Set,	Run pH Yield,	%
1,1 2.24 81.40%
3,1 4.16 76.10%
Experimental	Combined	Data	for	pH	vs.	Yield
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Properties of Sodium Salicylate Properties of Salicylic Acid
CAS	# 54-21-7 (2-hydroxybenzoic	acid)
Formula C7H5NaO3 CAS	# 69-72-7
MW 160.1 Formula HOC6H4CO2H
Water	solub.,	g/L 125 MW 138.12
MP,	C 213 Water	sol.,	g/L 2.24
VP,	mm	Hg,	25C 3.68E-11 MP,	C 159
log(K),	oct.-water -1.43 VP,	mm	Hg,	25C 8.20E-05
VP,	mm	Hg,	211C 2.00E+01
log(K),	oct.-water 2.26
pKa 2.97
water	and	light	sensitive
Flash	point >100C
Dissociation	Constant	at	T=	47C UV,	lambda	max 302	nm
Kw		(13.99	at	25C,	13.26	at	50C) 13.34 log	(ε) 3
pKa,	SAL 2.9 density,	g/mL 1.443
pKa,	HSO4-	(1.96	at	25C) 1.82
Solubility	of	SAL	at	75	C
16.86256 g/L
http://chemister.ru/Database/properties-en.php?dbid=1&id=1777	
accessed	10/15
Nordstrom	and	Rasmuson	paper
Calculations	for	converting	mole	fraction	solubility	to	g/L	solubility
0.000156 mol	fraction 55.5093 mol	water	in	1	L
0.02154672 g	SAL/mol
17.997192 g	W/mol g/L	Solution
1.196234277
1/T,	K-1 T,	K T,	C Solub. Solub.	(g/L) LN	solubility
0.003531697 283.15 10 1.196 0.17917852
0.003470415 288.15 15 1.363 0.310011589
0.003411223 293.15 20 1.591 0.46463646
0.003354016 298.15 25 1.888 0.635317714
0.003298697 303.15 30 2.320 0.841710276
0.003245173 308.15 35 2.802 1.030484799
0.003193358 313.15 40 3.434 1.23371537
0.003143171 318.15 45 4.191 1.432948037
0.003094538 323.15 50 5.156 1.640156859 0.037883 mol/L
0.003001651 333.15 60 6.625 1.89082039 extrapolated
0.002872325 348.15 75 10.272 2.329388149 extrapolated
0.003331667 300.15 27 2.163 0.771672617 interpolated
Regression	of	Solubility	Data	-	ln(Solub)	vs.	1/T
SUMMARY	OUTPUT
Regression	Statistics
Multiple	R 0.995150391
R	Square 0.990324302
Adjusted	R	Square 0.988942059
Standard	Error 0.053602721
Observations 9
ANOVA
df SS MS F Significance	F
Regression 1 2.058575666 2.058576 716.4619951 2.60292E-08
Residual 7 0.020112762 0.002873
Total 8 2.078688428
Coefficients Standard	Error t	Stat P-value Lower	95% Upper	95%Lower	95.0%Upper	95.0%
Intercept 12.06997809 0.419065645 28.80212 1.56477E-08 11.0790453 13.06091 11.07905 13.06091
X	Variable	1 -3391.186386 126.6937179 -26.76681 2.60292E-08 -3690.769424 -3091.603 -3690.769 -3091.603
Data	of	Nordstrom	
and	Rasmuson,	J.	
Nordstrom	and	Rasmuson,	J.	Chem.	
Eng.	Data	2006,	51,	1668-1671	Kw	-		Bandura	and	Lvov,	J.	Phys.	Chem.	Ref.	
Data,	35(1),	15-30	(2006).
pKa,SAL	extrapolated	from:		Meloun	et	al.,	
SRX	Pharma.,	2010,	527013	(2010).
pKa,	HSO4-,	A.G.	Dickson	et	al.,	J.	Phys.	
Chem.,	94,	7978-7985	(1990)	
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Matlab	Code	(Solving	with	specifying	yield)		 	
clc
clear
     % Specifying yield to solve the problem
        % Nomenclature
% C(RM)= Concentration of Sodium Salicylate
% C(Ac)= Concentration of Sulfuric Acid (H2SO4)
% pH = -log C(H)     Concentration of protons (H+)
        % Unknown variables
% x(1)= C(RH)= Concentration of dissolved salicylic acid in liquid
% x(2)= C(R)= Concentration of salicylate ions (R-)
% x(3)= C(Su)= Concentration of sulfate ions (SO4 2-)
% x(4)= C(BS)= Concentration of bisulfate ions (HSO4-)
% x(5)= pOH = -log C(OH)   Concentration of hydroxide ions (OH-)
% x(6)= pH = -log C(H)     Concentration of protons (H+)
% concentrations are in mol/L
    % Input initial concentration and flow rates
    % Copy and paste the input to the function and constraint file.
C_Ac=0.25;                  % mols of sulfuric acid
Q_Ac=42.5;                  % ml/min flow rate
C_RM=0.35;                  % mols of sodium salicylate
Q_RM=85;                    % ml/min flow rate of raw materials 
Q_out=Q_Ac + Q_Ac;          % flow rate of outlet stream from mb
C_Na= Q_RM*C_RM/Q_out;  
        %Yield Input
Yield=[0.1:0.05:0.7];
        %Initial Guess x= C(L), C(SAL), C(SO4), C(HSO4), pOH, and pH.
x0=[0.001,0.001,0.01,0.006,10.5,2.5];           
 %Setting lower and upper boundary for x
lb=[0, 0, 0, 0, 0, 0];                        %lower bound for x
ub=[C_RM,C_Na,C_Ac,C_Ac,12,7];                %upper bound for x
options=optimoptions(@fmincon,'Algorithm','sqp','TolX',1e-16,'TolFun',
1e-12,'TolCon',1e-10,'MaxFunEvals',10000,'MaxIter',
10000,'Display','final-detailed');       %options for solver            
n=length(Yield);
objfunval=zeros(n,1);
X=zeros(n,6);
Constr=zeros(4,n);
for i=1:n
    Y=Yield(i);
    T=@(x)funcrystalyield(x,Y);         % Calling function file
    [x,fval]=fmincon(T,x0,[],[],[],
[],lb,ub,@(x)nonlcony(x,Y),options);    %Type of solver used
    fprintf('%s= %6g\n', 'Yield', Y, 'C(L)', 
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	 	x(1),'C(SAL)',x(2),'C(SO4)',x(3),'C(HSO4)',x(4),'pOH',x(5),'pH', x(6)) %print x for each yield input    X(i,:)=x;                           % Store x solutions into 
matrices
    objfunval(i,1)=fval;                % Store minimized objective 
function values
    [c ceq]=nonlcony(x,Y);
    Constr(:,i)=ceq;                    % Store constraint values into 
matrices
end
X          
objfunval 
Constr
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Objective	Function	code	 	
function F=funcrystalyield(x,Y)
    % This matlab file contains the equations to be solved.
    % Specify Yield to solve the problem. 
        % Nomenclature
% C(RM)= Concentration of Sodium Salicylate
% C(H2SO4)= Concentration of Sulfuric Acid (H2SO4)
% C(S)= Concentration of Salicylic acid crystals
        % Unknown variables
% x(1)= C(RH)              Concentration of dissolved salicylic acid 
in liquid
% x(2)= C(R)               Concentration of salicylate ions (R-)
% x(3)= C(Su)              Concentration of sulfate ions (SO4 2-)
% x(4)= C(BS)              Concentration of bisulfate ions (HSO4-)
% x(5)= pOH = -log C(OH)   Concentration of hydroxide ions (OH-)
% x(6)= pH = -log C(H)     Concentration of protons (H+)
% concentrations are in mol/L
        % Paste feed input here!!!!
C_H2SO4=0.25;                  % mols of sulfuric acid
Q_H2SO4=42.5;                  % ml/min flow rate
C_RM=0.35;                  % mols of sodium salicylate
Q_RM=85;                    % ml/min flow rate of raw materials 
Q_out=Q_H2SO4 + Q_RM;          % flow rate of outlet stream from mb
C_Na= Q_RM*C_RM/Q_out;      % concentration of Na+ from feed
         
C_S=Y*(Q_RM*C_RM/Q_out);     %Solid crystal concentration from 
definition of Yield.
        % Dissociation constant
K2=1*10^-2.44;      %Dissociation constant of HSO4-
K3=1*10^-2.98;      %Dissociation constant of salicylic acid
Kw=13;              %Dissociation constant of water
        % Equations 
M1= (Q_RM * C_RM - Q_out *( C_S + x(1)+ x(2)))^2;           % Mass 
balance on salicylate
M2= (Q_H2SO4 * C_H2SO4 - Q_out*(x(4)+ x(3)))^2;                   % 
Mass balance on sulfate
E= (C_Na + 10^-x(6) - x(4)- 2*x(3) - x(2)- 10^-x(5))^2;     % 
Electroneutrality
F= [M1+M2+E];                                               % 
Objective function 
		96	
Nonlinear	Constraint	Code	 	
function [c,ceq]=nonlcony(x,Y)
    % This is matlab file that contains the constraint equations of 
the system  
    % Specify Yield of solid crystals to solve the problem.
 
        % Nomenclature
% C(RM)= Concentration of Sodium Salicylate
% C(H2SO4)= Concentration of Sulfuric Acid (H2SO4)
% C(S)= Concentration of Salicylic acid crystals
        % Unknown variables
% x(1)= C(RH)= Concentration of dissolved salicylic acid in liquid
% x(2)= C(R)= Concentration of salicylate ions (R-)
% x(3)= C(Su)= Concentration of sulfate ions (SO4 2-)
% x(4)= C(BS)= Concentration of bisulfate ions (HSO4-)
% x(5)= pOH = -log C(OH)   Concentration of hydroxide ions (OH-)
% x(6)= pH = -log C(H)     Concentration of protons (H+)
% concentrations are in mol/L
        % Paste feed input here!!!!
C_H2SO4=0.25;                  % mols of sulfuric acid
Q_H2SO4=42.5;                  % ml/min flow rate
C_RM=0.35;                  % mols of sodium salicylate
Q_RM=85;                    % ml/min flow rate of raw materials 
Q_out=Q_H2SO4 + Q_RM;          % flow rate of outlet stream from mb
C_Na= Q_RM*C_RM/Q_out;      % concentration of Na+ from feed
         
C_S=Y*(Q_RM*C_RM/Q_out);   % Concentration of solid crystal using 
definition of Yield
        % Dissociation constant
K2=1*10^-2.44;      %Dissociation constant of HSO4-
K3=1*10^-2.98;      %Dissociation constant of salicylic acid
Kw=13;              %Dissociation constant of water
        % Constraint equation 
% c for inequality constraint
% ceq for equality constraint
c=0;
ceq=[(C_Na - C_S - x(1)- x(2))              % Mass balance check
    ((x(3)* 10^-(x(6)) / x(4)) - K2)        % Second step dissociation 
of sulfuric acid
    ((x(2)* 10^-(x(6)) / x(1)) - K3)        % Dissociation of 
salicylic acid
    (Kw - x(6) - x(5))];                    % Dissociation of water
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	 	Matlab	Output	
Optimization	stopped	because	the	relative	changes	in	all	elements	of	x	are	
less	than	options.TolX	=	1.000000e-12,	and	the	relative	maximum	constraint	
violation,	4.050579e-16,	is	less	than	options.TolCon	=	1.000000e-06.	
	
Optimization	Metric																																									Options	
max(abs(delta_x./x))	=			7.47e-13																				TolX	=			1e-12	(selected)	
relative	max(constraint	violation)	=			4.05e-16				TolCon	=			1e-06	(default)	
	
pH=						2	
C(L)=	0.149799	
C(SAL)=	0.0156859	
C(SO4)=	0.0225145	
C(HSO4)=	0.0620102	
pOH=					11	
C(S)=	1.66772e-17	
Yield=	1.00778e-16	
								=		
Optimization	stopped	because	the	relative	changes	in	all	elements	of	x	are	
less	than	options.TolX	=	1.000000e-12,	and	the	relative	maximum	constraint	
violation,	1.387779e-17,	is	less	than	options.TolCon	=	1.000000e-06.	
	
Optimization	Metric																																									Options	
max(abs(delta_x./x))	=			4.49e-18																				TolX	=			1e-12	(selected)	
relative	max(constraint	violation)	=			1.39e-17				TolCon	=			1e-06	(default)	
	
pH=				2.5	
C(L)=	0.117656	
C(SAL)=	0.0389596	
C(SO4)=	0.0451721	
C(HSO4)=	0.0393433	
pOH=			10.5	
C(S)=	0.00886899	
Yield=	1.00778e-16	
5.359405e-02=						0	
						=		
Optimization	stopped	because	the	relative	changes	in	all	elements	of	x	are	
less	than	options.TolX	=	1.000000e-12,	and	the	relative	maximum	constraint	
violation,	1.040834e-17,	is	less	than	options.TolCon	=	1.000000e-06.	
	
Optimization	Metric																																									Options	
max(abs(delta_x./x))	=			4.97e-13																				TolX	=			1e-12	(selected)	
relative	max(constraint	violation)	=			1.04e-17				TolCon	=			1e-06	(default)	
	
		98	
	 	pH=						3	
C(L)=	0.0149979	
C(SAL)=	0.0157047	
C(SO4)=	0.0662646	
C(HSO4)=	0.0182508	
pOH=					10	
C(S)=	0.134782	
Yield=	1.00778e-16	
5.359405e-02=	0.814469	
						=		
Optimization	stopped	because	the	relative	changes	in	all	elements	of	x	are	
less	than	options.TolX	=	1.000000e-12,	and	the	relative	maximum	constraint	
violation,	8.239937e-18,	is	less	than	options.TolCon	=	1.000000e-06.	
	
Optimization	Metric																																									Options	
max(abs(delta_x./x))	=			5.98e-14																				TolX	=			1e-12	(selected)	
relative	max(constraint	violation)	=			8.24e-18				TolCon	=			1e-06	(default)	
	
pH=				3.5	
C(L)=	0.00106954	
C(SAL)=	0.0035416	
C(SO4)=	0.0777441	
C(HSO4)=	0.00677123	
pOH=				9.5	
C(S)=	0.160873	
Yield=	1.00778e-16	
5.359405e-02=	0.814469	
9.721355e-01=						0	
				=		
Optimization	stopped	because	the	relative	changes	in	all	elements	of	x	are	
less	than	options.TolX	=	1.000000e-12,	but	the	relative	maximum	constraint	
violation,	1.104527e-04,	exceeds	options.TolCon	=	1.000000e-06.	
	
Optimization	Metric																																									Options	
max(abs(delta_x./x))	=			9.02e-13																				TolX	=			1e-12	(selected)	
relative	max(constraint	violation)	=			1.10e-04				TolCon	=			1e-06	(default)	
	
pH=						4	
C(L)=	2.78974e-07	
C(SAL)=	2.61308e-06	
C(SO4)=	0.0822495	
C(HSO4)=	0.00226534	
pOH=						9	
C(S)=	0.165482	
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	 	Yield=	1.00778e-16	
5.359405e-02=	0.814469	
9.721355e-01=	0.999983	
				=		
Optimization	stopped	because	the	relative	changes	in	all	elements	of	x	are	
less	than	options.TolX	=	1.000000e-12,	but	the	relative	maximum	constraint	
violation,	5.901376e-06,	exceeds	options.TolCon	=	1.000000e-06.	
	
Optimization	Metric																																									Options	
max(abs(delta_x./x))	=			7.12e-13																				TolX	=			1e-12	(selected)	
relative	max(constraint	violation)	=			5.90e-06				TolCon	=			1e-06	(default)	
	
pH=				4.5	
C(L)=	2.72296e-09	
C(SAL)=	8.94033e-08	
C(SO4)=	0.0837848	
C(HSO4)=	0.000729735	
pOH=				8.5	
C(S)=	0.165485	
Yield=	1.00778e-16	
5.359405e-02=	0.814469	
9.721355e-01=	0.999983	
9.999994e-01=						0	
		=		
Optimization	stopped	because	the	relative	changes	in	all	elements	of	x	are	
less	than	options.TolX	=	1.000000e-12,	and	the	relative	maximum	constraint	
violation,	6.400390e-07,	is	less	than	options.TolCon	=	1.000000e-06.	
	
Optimization	Metric																																									Options	
max(abs(delta_x./x))	=			7.40e-13																				TolX	=			1e-12	(selected)	
relative	max(constraint	violation)	=			6.40e-07				TolCon	=			1e-06	(default)	
	
pH=						5	
C(L)=	2.32371e-06	
C(SAL)=	0.00024362	
C(SO4)=	0.0842819	
C(HSO4)=	0.000232132	
pOH=						8	
C(S)=	0.165239	
Yield=	1.00778e-16	
5.359405e-02=	0.814469	
9.721355e-01=	0.999983	
9.999994e-01=	0.998514	
		=		
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	 	Optimization	stopped	because	the	relative	changes	in	all	elements	of	x	are	
less	than	options.TolX	=	1.000000e-12,	but	the	relative	maximum	constraint	
violation,	4.605092e-05,	exceeds	options.TolCon	=	1.000000e-06.	
	
Optimization	Metric																																									Options	
max(abs(delta_x./x))	=			7.71e-13																				TolX	=			1e-12	(selected)	
relative	max(constraint	violation)	=			4.61e-05				TolCon	=			1e-06	(default)	
	
pH=				5.5	
C(L)=	7.29599e-09	
C(SAL)=	2.15031e-06	
C(SO4)=	0.0844405	
C(HSO4)=	7.35446e-05	
pOH=				7.5	
C(S)=	0.165482	
Yield=	1.00778e-16	
5.359405e-02=	0.814469	
9.721355e-01=	0.999983	
9.999994e-01=	0.998514	
9.999870e-01=						0	
	
Optimization	stopped	because	the	relative	changes	in	all	elements	of	x	are	
less	than	options.TolX	=	1.000000e-12,	and	the	relative	maximum	constraint	
violation,	1.046774e-08,	is	less	than	options.TolCon	=	1.000000e-06.	
	
Optimization	Metric																																									Options	
max(abs(delta_x./x))	=			9.27e-13																				TolX	=			1e-12	(selected)	
relative	max(constraint	violation)	=			1.05e-08				TolCon	=			1e-06	(default)	
	
pH=						6	
C(L)=	1.03694e-05	
C(SAL)=	0.0108584	
C(SO4)=	0.0845962	
C(HSO4)=	2.32997e-05	
pOH=						7	
C(S)=	0.154616	
Yield=	1.00778e-16	
5.359405e-02=	0.814469	
9.721355e-01=	0.999983	
9.999994e-01=	0.998514	
9.999870e-01=	0.934322	
	
X	=	
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	 					0.1498				0.0157				0.0225				0.0620			11.0000				0.0000	
				0.1177				0.0390				0.0452				0.0393			10.5000				0.0089	
				0.0150				0.0157				0.0663				0.0183			10.0000				0.1348	
				0.0011				0.0035				0.0777				0.0068				9.5000				0.1609	
				0.0000				0.0000				0.0822				0.0023				9.0000				0.1655	
				0.0000				0.0000				0.0838				0.0007				8.5000				0.1655	
				0.0000				0.0002				0.0843				0.0002				8.0000				0.1652	
				0.0000				0.0000				0.0844				0.0001				7.5000				0.1655	
				0.0000				0.0109				0.0846				0.0000				7.0000				0.1546	
	
	
Y	=	
	
				0.0000	
				0.0536	
				0.8145	
				0.9721	
				1.0000	
				1.0000	
				0.9985	
				1.0000	
				0.9343	
	
	
objfunval	=	
	
				0.0028	
				0.0000	
				0.0000	
				0.0000	
				0.0000	
				0.0000	
				0.0000	
				0.0000	
				0.0003	
	
	
Constr	=	
	
			1.0e-03	*	
	
				0.0000			-0.0000			-0.0000			-0.0000				0.0000			-0.0000				0.0000				0.0000				0.0000	
				0.0000				0.0000									0									0				0.0000			-0.0000				0.0000			-0.0000			-0.0000	
				0.0000									0				0.0000			-0.0000			-0.1105			-0.0089				0.0013			-0.1151				0.0000	
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	 										0									0									0									0									0									0									0									0									0	
	
>>	
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Matlab	Code	(Solving	with	specifying	pH)		 	clc
clear
    %Specify pH of system to solve the problem.
        % Nomenclature
% C(RM)= Concentration of Sodium Salicylate
% C(H2SO4)= Concentration of Sulfuric Acid (H2SO4)
% pH = -log C(H)     Concentration of protons (H+)
        % Unknown variables
% x(1)= C(RH)= Concentration of dissolved salicylic acid in liquid
% x(2)= C(R)= Concentration of salicylate ions (R-)
% x(3)= C(Su)= Concentration of sulfate ions (SO4 2-)
% x(4)= C(BS)= Concentration of bisulfate ions (HSO4-)
% x(5)= pOH = -log C(OH)   Concentration of hydroxide ions (OH-)
% x(6)= C(S)= Concentration of Salicylic acid crystals
% concentrations are in mol/L
    % Input initial concentration and flow rates
    % Copy and paste the input to the function and constraint file.
C_H2SO4=0.25;                  % mols of sulfuric acid
Q_H2SO4=28.6;                  % ml/min flow rate of acid
C_RM=0.25;                  % mols of sodium salicylate 
Q_RM=56;                    % ml/min flow rate of sodium salicylate 
Q_out=Q_H2SO4 + Q_RM;          % flow rate of outlet stream from mb
C_Na= Q_RM*C_RM/Q_out;  
    
    % Input pH
pH=[2:0.5:6];                             
    %Initial guess x= C(L), C(SAL), C(SO4), C(HSO4), pOH, C(S)
x0=[0.29,0.03,0.06,0.025,10,0.0003];      
    %Setting lower and upper boundary for x
lb=[0, 0, 0, 0, 0, 0];                      %lower bound for x
ub=[C_RM,C_Na,C_H2SO4,C_H2SO4,13,C_Na];           %upper bound for x
options=optimoptions(@fmincon,'Algorithm','sqp','TolX',1e-12,'TolFun',
1e-12,'MaxFunEvals',10000,'MaxIter',10000,'Display','final-detailed');  
%options for solver
n=length(pH);
objfunval=zeros(n,1);
X=zeros(n,6);
Y=zeros(1,n);
Constr=zeros(4,n);
for i=1:n
    pHp=pH(i);
    T=@(x)funcrystalph(x,pHp);                  % Calling function 
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	 	file
    [x,fval]=fmincon(T,x0,[],[],[],
[],lb,ub,@(x)nonlconph(x,pHp),options);   %Type of solver used
    X(i,:)=x;                                   % Store x solutions 
into matrices
    Y(i)=x(6) *Q_out/(Q_RM * C_RM);             % Calculate Yield from 
C(S)
    objfunval(i,1)=fval;                        % Store minimized 
objective function values
    [c ceq]=nonlconph(x,pHp);                   % Show value of 
contraints
    Constr(:,i)=ceq;                            % Store values into 
matrices
    fprintf('%s= %6g\n','pH',pHp, 'C(L)', 
x(1),'C(SAL)',x(2),'C(SO4)',x(3),'C(HSO4)',x(4),'pOH',x(5),'C(S)', 
x(6),'Yield',Y) %print x for each yield input
end
X 
Y=Y'
objfunval
Constr 
plot(pH,Y)
title('pH vs Yield')
xlabel('pH')
ylabel('Yield')
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Objective	Function	Code	 	
function F=funcrystalph(x,p)
    % This matlab file contains the equations to be solved.
    % Specify pH of system to solve the problem.
% Nomenclature
% C(RM)= Concentration of Sodium Salicylate
% C(H2SO4)= Concentration of Sulfuric Acid (H2SO4)
% pH = -log C(H)     Concentration of protons (H+)
        % Unknown variables
% x(1)= C(RH)= Concentration of dissolved salicylic acid in liquid
% x(2)= C(R)= Concentration of salicylate ions (R-)
% x(3)= C(Su)= Concentration of sulfate ions (SO4 2-)
% x(4)= C(BS)= Concentration of bisulfate ions (HSO4-)
% x(5)= pOH = -log C(OH)   Concentration of hydroxide ions (OH-)
% x(6)= C(S)= Concentration of Salicylic acid crystals
% concentrations are in mol/L
        % Paste feed input here!!!
C_H2SO4=0.25;                  % mols of sulfuric acid
Q_H2SO4=28.6;                  % ml/min flow rate
C_RM=0.25;                  % mols of sodium salicylate
Q_RM=56;                    % ml/min flow rate of raw materials 
Q_out=Q_RM + Q_H2SO4;          % flow rate of outlet stream from mb
C_Na= Q_RM*C_RM/Q_out;      % concentration of Na+ from feed
C_H= 10^-(p);
        % Dissociation constant
K2=1*10^-2.44;      %Dissociation constant of HSO4-
K3=1*10^-2.98;      %Dissociation constant of salicylic acid
Kw=13;              %Dissociation constant of water
        % Equations 
M1= (Q_RM * C_RM - Q_out *( x(6) + x(1)+ x(2)))^2;      %Mass balance 
on salicylate
M2= (Q_H2SO4 * C_H2SO4 - Q_out*(x(4)+ x(3)))^2;               %Mass 
balance on sulfate
E= (C_Na + C_H - x(4)- 2*x(3) - x(2)- 10^-x(5))^2;      
%Electroneutrality
F= [M1 + M2 + E];                                       %Objective 
function
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Nonlinear	Constraint	Code	 	
function [c,ceq]=nonlconph(x,pH)
% This is matlab file that contains the constraint equations of the 
system.
% Specify pH of system to solve the problem.
        % Nomenclature
% C(RM)= Concentration of Sodium Salicylate
% C(H2SO4)= Concentration of Sulfuric Acid (H2SO4)
% pH = -log C(H)     Concentration of protons (H+)
        % Unknown variables
% x(1)= C(RH)= Concentration of dissolved salicylic acid in liquid
% x(2)= C(R)= Concentration of salicylate ions (R-)
% x(3)= C(Su)= Concentration of sulfate ions (SO4 2-)
% x(4)= C(BS)= Concentration of bisulfate ions (HSO4-)
% x(5)= pOH = -log C(OH)   Concentration of hydroxide ions (OH-)
% x(6)= C(S)= Concentration of Salicylic acid crystals
% concentrations are in mol/L
        % Paste feed input here!!!!
C_H2SO4=0.25;                  % mols of sulfuric acid
Q_H2SO4=28.6;                  % ml/min flow rate
C_RM=0.25;                  % mols of sodium salicylate
Q_RM=56;                    % ml/min flow rate of raw materials 
Q_out=Q_H2SO4 + Q_RM;          % flow rate of outlet stream from mb
C_Na= Q_RM*C_RM/Q_out;      % concentration of Na+ from feed
C_H= 10^-(pH); 
        % Dissociation constant
K2=1*10^-2.44;      %Dissociation constant of HSO4-
K3=1*10^-2.98;      %Dissociation constant of salicylic acid
Kw=13;              %Dissociation constant of water
        % Constraint equation
% c for inequality constraint
% ceq for equality constraint
c=0;
ceq=[(C_Na - x(6) - x(1)- x(2))         %Mass balance check
    ((x(3)* C_H / x(4)) - K2)           %Second step dissociation of 
sulfuric acid
    ((x(2)* C_H / x(1)) - K3)           %Dissociation of salicylic 
acid
    (Kw - pH - x(5))];                  %Dissociation of water
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	 	Matlab	Output	
Optimization	stopped	because	the	relative	changes	in	all	elements	of	x	are	
less	than	options.TolX	=	1.000000e-12,	and	the	relative	maximum	constraint	
violation,	4.050579e-16,	is	less	than	options.TolCon	=	1.000000e-06.	
	
Optimization	Metric																																									Options	
max(abs(delta_x./x))	=			7.47e-13																				TolX	=			1e-12	(selected)	
relative	max(constraint	violation)	=			4.05e-16				TolCon	=			1e-06	(default)	
	
pH=						2	
C(L)=	0.149799	
C(SAL)=	0.0156859	
C(SO4)=	0.0225145	
C(HSO4)=	0.0620102	
pOH=					11	
C(S)=	1.66772e-17	
Yield=	1.00778e-16	
								=		
Optimization	stopped	because	the	relative	changes	in	all	elements	of	x	are	
less	than	options.TolX	=	1.000000e-12,	and	the	relative	maximum	constraint	
violation,	1.387779e-17,	is	less	than	options.TolCon	=	1.000000e-06.	
	
Optimization	Metric																																									Options	
max(abs(delta_x./x))	=			4.49e-18																				TolX	=			1e-12	(selected)	
relative	max(constraint	violation)	=			1.39e-17				TolCon	=			1e-06	(default)	
	
pH=				2.5	
C(L)=	0.117656	
C(SAL)=	0.0389596	
C(SO4)=	0.0451721	
C(HSO4)=	0.0393433	
pOH=			10.5	
C(S)=	0.00886899	
Yield=	1.00778e-16	
5.359405e-02=						0	
						=		
Optimization	stopped	because	the	relative	changes	in	all	elements	of	x	are	
less	than	options.TolX	=	1.000000e-12,	and	the	relative	maximum	constraint	
violation,	1.040834e-17,	is	less	than	options.TolCon	=	1.000000e-06.	
	
Optimization	Metric																																									Options	
max(abs(delta_x./x))	=			4.97e-13																				TolX	=			1e-12	(selected)	
relative	max(constraint	violation)	=			1.04e-17				TolCon	=			1e-06	(default)	
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	 	pH=						3	
C(L)=	0.0149979	
C(SAL)=	0.0157047	
C(SO4)=	0.0662646	
C(HSO4)=	0.0182508	
pOH=					10	
C(S)=	0.134782	
Yield=	1.00778e-16	
5.359405e-02=	0.814469	
						=		
Optimization	stopped	because	the	relative	changes	in	all	elements	of	x	are	
less	than	options.TolX	=	1.000000e-12,	and	the	relative	maximum	constraint	
violation,	8.239937e-18,	is	less	than	options.TolCon	=	1.000000e-06.	
	
Optimization	Metric																																									Options	
max(abs(delta_x./x))	=			5.98e-14																				TolX	=			1e-12	(selected)	
relative	max(constraint	violation)	=			8.24e-18				TolCon	=			1e-06	(default)	
	
pH=				3.5	
C(L)=	0.00106954	
C(SAL)=	0.0035416	
C(SO4)=	0.0777441	
C(HSO4)=	0.00677123	
pOH=				9.5	
C(S)=	0.160873	
Yield=	1.00778e-16	
5.359405e-02=	0.814469	
9.721355e-01=						0	
				=		
Optimization	stopped	because	the	relative	changes	in	all	elements	of	x	are	
less	than	options.TolX	=	1.000000e-12,	but	the	relative	maximum	constraint	
violation,	1.104527e-04,	exceeds	options.TolCon	=	1.000000e-06.	
	
Optimization	Metric																																									Options	
max(abs(delta_x./x))	=			9.02e-13																				TolX	=			1e-12	(selected)	
relative	max(constraint	violation)	=			1.10e-04				TolCon	=			1e-06	(default)	
	
pH=						4	
C(L)=	2.78974e-07	
C(SAL)=	2.61308e-06	
C(SO4)=	0.0822495	
C(HSO4)=	0.00226534	
pOH=						9	
C(S)=	0.165482	
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	 	Yield=	1.00778e-16	
5.359405e-02=	0.814469	
9.721355e-01=	0.999983	
				=		
Optimization	stopped	because	the	relative	changes	in	all	elements	of	x	are	
less	than	options.TolX	=	1.000000e-12,	but	the	relative	maximum	constraint	
violation,	5.901376e-06,	exceeds	options.TolCon	=	1.000000e-06.	
	
Optimization	Metric																																									Options	
max(abs(delta_x./x))	=			7.12e-13																				TolX	=			1e-12	(selected)	
relative	max(constraint	violation)	=			5.90e-06				TolCon	=			1e-06	(default)	
	
pH=				4.5	
C(L)=	2.72296e-09	
C(SAL)=	8.94033e-08	
C(SO4)=	0.0837848	
C(HSO4)=	0.000729735	
pOH=				8.5	
C(S)=	0.165485	
Yield=	1.00778e-16	
5.359405e-02=	0.814469	
9.721355e-01=	0.999983	
9.999994e-01=						0	
		=		
Optimization	stopped	because	the	relative	changes	in	all	elements	of	x	are	
less	than	options.TolX	=	1.000000e-12,	and	the	relative	maximum	constraint	
violation,	6.400390e-07,	is	less	than	options.TolCon	=	1.000000e-06.	
	
Optimization	Metric																																									Options	
max(abs(delta_x./x))	=			7.40e-13																				TolX	=			1e-12	(selected)	
relative	max(constraint	violation)	=			6.40e-07				TolCon	=			1e-06	(default)	
	
pH=						5	
C(L)=	2.32371e-06	
C(SAL)=	0.00024362	
C(SO4)=	0.0842819	
C(HSO4)=	0.000232132	
pOH=						8	
C(S)=	0.165239	
Yield=	1.00778e-16	
5.359405e-02=	0.814469	
9.721355e-01=	0.999983	
9.999994e-01=	0.998514	
		=		
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	 	Optimization	stopped	because	the	relative	changes	in	all	elements	of	x	are	
less	than	options.TolX	=	1.000000e-12,	but	the	relative	maximum	constraint	
violation,	4.605092e-05,	exceeds	options.TolCon	=	1.000000e-06.	
	
Optimization	Metric																																									Options	
max(abs(delta_x./x))	=			7.71e-13																				TolX	=			1e-12	(selected)	
relative	max(constraint	violation)	=			4.61e-05				TolCon	=			1e-06	(default)	
	
pH=				5.5	
C(L)=	7.29599e-09	
C(SAL)=	2.15031e-06	
C(SO4)=	0.0844405	
C(HSO4)=	7.35446e-05	
pOH=				7.5	
C(S)=	0.165482	
Yield=	1.00778e-16	
5.359405e-02=	0.814469	
9.721355e-01=	0.999983	
9.999994e-01=	0.998514	
9.999870e-01=						0	
	
Optimization	stopped	because	the	relative	changes	in	all	elements	of	x	are	
less	than	options.TolX	=	1.000000e-12,	and	the	relative	maximum	constraint	
violation,	1.046774e-08,	is	less	than	options.TolCon	=	1.000000e-06.	
	
Optimization	Metric																																									Options	
max(abs(delta_x./x))	=			9.27e-13																				TolX	=			1e-12	(selected)	
relative	max(constraint	violation)	=			1.05e-08				TolCon	=			1e-06	(default)	
	
pH=						6	
C(L)=	1.03694e-05	
C(SAL)=	0.0108584	
C(SO4)=	0.0845962	
C(HSO4)=	2.32997e-05	
pOH=						7	
C(S)=	0.154616	
Yield=	1.00778e-16	
5.359405e-02=	0.814469	
9.721355e-01=	0.999983	
9.999994e-01=	0.998514	
9.999870e-01=	0.934322	
	
X	=	
	
		111	
	 					0.1498				0.0157				0.0225				0.0620			11.0000				0.0000	
				0.1177				0.0390				0.0452				0.0393			10.5000				0.0089	
				0.0150				0.0157				0.0663				0.0183			10.0000				0.1348	
				0.0011				0.0035				0.0777				0.0068				9.5000				0.1609	
				0.0000				0.0000				0.0822				0.0023				9.0000				0.1655	
				0.0000				0.0000				0.0838				0.0007				8.5000				0.1655	
				0.0000				0.0002				0.0843				0.0002				8.0000				0.1652	
				0.0000				0.0000				0.0844				0.0001				7.5000				0.1655	
				0.0000				0.0109				0.0846				0.0000				7.0000				0.1546	
	
	
Y	=	
	
				0.0000	
				0.0536	
				0.8145	
				0.9721	
				1.0000	
				1.0000	
				0.9985	
				1.0000	
				0.9343	
	
	
objfunval	=	
	
				0.0028	
				0.0000	
				0.0000	
				0.0000	
				0.0000	
				0.0000	
				0.0000	
				0.0000	
				0.0003	
	
	
Constr	=	
	
			1.0e-03	*	
	
				0.0000			-0.0000			-0.0000			-0.0000				0.0000			-0.0000				0.0000				0.0000				0.0000	
				0.0000				0.0000									0									0				0.0000			-0.0000				0.0000			-0.0000			-0.0000	
				0.0000									0				0.0000			-0.0000			-0.1105			-0.0089				0.0013			-0.1151				0.0000	
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Sugar	Distribution	Sample	Assignment	and	Solution	
	 	
1180L	Serial	number	:	1284
Math.	version	:	3.30
SOP	name	:	LSU	no	fast		pump
Sample	ref	:	LASUCA
Criterion	#1	:	
Criterion	#2	:	Crystal	Sugar	4hrs	7-19-14
Comment	:	
Back.	meas.	duration:	0	s
Sample	meas.	duration	:	0	s
Ultrasounds	:	0	s
Ultrasounds	during	meas.	:	No
Pressure	:	60	mb
Distribution	:	0
Automatic	dilution	:	No
Nb	of	rinsing	:	4
Liquid	:	Isopropyl	alcohol
Dispersing	agent	:	
Operator	:	Iryna
Company	:	
Location	:	
Date/Time	:	8/20/2014	,	10:15:42
Database	index	:	4283
Concentration	:	9
d(10.0%)	:	2.75	µm
d(50.0%)	:	8.61	µm
d(90.0%)	:	20.24	µm
D[4,3]	:		10.248	µm
D[3,2]	:			5.796	µm
Span	:			2.032
Mode	:		11.000	µm
Deviation	:			7.123	µm
Fraunhofer
Density	:			1.000	g/cm³
Shape	factor	:			1.000
Specific	surface	:	10351.541	cm²/g
Total	surface	:			0.933
Total	weight	:		10.816
Width	:			0.000
Translation	:			1.000 If	Q	is	the	cumulative	wt%,	then
Wt%	of	ith	fraction,	w(i)	=	Q(i)-	Q(i-1)
Standard	values
Diameter	(µm) Cumulative	wt	% Histogram,	q*	(%)	[log	normal	basis] w w*D dw/dD	=	q Integral
0.7 0 0 0 0 0
0.8 0.13 0.974 0.13 0.104 1.3 0.065
0.9 0.28 1.274 0.15 0.135 1.5 0.14
1 0.49 1.993 0.21 0.21 2.1 0.18
1.1 0.77 2.938 0.28 0.308 2.8 0.245
1.2 1.12 4.022 0.35 0.42 3.5 0.315
1.3 1.52 4.997 0.4 0.52 4 0.375
1.4 1.95 5.802 0.43 0.602 4.3 0.415
1.6 2.93 7.339 0.98 1.568 4.9 0.92
1.8 4.02 9.254 1.09 1.962 5.45 1.035
2 5.18 11.01 1.16 2.32 5.8 1.125
2.2 6.4 12.8 1.22 2.684 6.1 1.19
2.4 7.67 14.596 1.27 3.048 6.35 1.245
2.6 8.99 16.491 1.32 3.432 6.6 1.295
3 11.74 19.217 2.75 8.25 6.875 2.695
4 19.06 25.445 7.32 29.28 7.32 7.0975
5 26.36 32.714 7.3 36.5 7.3 7.31
6 33.33 38.229 6.97 41.82 6.97 7.135
6.5 36.67 41.728 3.34 21.71 6.68 3.4125
7 39.93 43.99 3.26 22.82 6.52 3.3
7.5 43.12 46.237 3.19 23.925 6.38 3.225
8 46.25 48.498 3.13 25.04 6.26 3.16
8.5 49.34 50.969 3.09 26.265 6.18 3.11
9 52.33 52.311 2.99 26.91 5.98 3.04
10 58.02 54.005 5.69 56.9 5.69 5.835
11 63.2 54.349 5.18 56.98 5.18 5.435
12 67.87 53.671 4.67 56.04 4.67 4.925
13 72.03 51.972 4.16 54.08 4.16 4.415
14 75.7 49.522 3.67 51.38 3.67 3.915
15 78.9 46.382 3.2 48 3.2 3.435
16 81.67 42.92 2.77 44.32 2.77 2.985
17 84.09 39.918 2.42 41.14 2.42 2.595
18 86.2 36.915 2.11 37.98 2.11 2.265
19 88.05 34.217 1.85 35.15 1.85 1.98
20 89.67 31.583 1.62 32.4 1.62 1.735
22 92.37 28.329 2.7 59.4 1.35 2.97
25 95.31 22.999 2.94 73.5 0.98 3.495
28 97.29 17.471 1.98 55.44 0.66 2.46
32 98.84 11.608 1.55 49.6 0.3875 2.095
36 99.6 6.453 0.76 27.36 0.19 1.155
38 99.79 3.514 0.19 7.22 0.095 0.285
40 99.9 2.145 0.11 4.4 0.055 0.15
45 100 0.849 0.1 4.5 0.02 0.1875
50 100 0 0 0 0 0.05
100.00 1075.62 1.04
Calculate	average	d(w)
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Weibull	Regression	
Log	Normal	Regression	
Log	Normal	Calculated	
Parbcle	Size	Distribubon	Assignment	
Calculate	the	average	diameter	of	the	sugar	crystals.	
Plot	the	Cumulabve	distribubons	of	the	sample.		Calculate	the	probability	density	funcbon	and	normalize	it.	
Fit	the	parameters	of	the	log	normal	and	Weibull	distribubons	by	least	squared	error	regressions.	
	
Plot	the	resulbng	distribubons	for	the	sample,	for	both	Weibull	and	log	normal	distribubons.	Because	the	log	normal	distribubon	can	be	calculated	theorebcally,	do	
this	also,	and	plot.	
	
Using	the	χ2	and	F-tests,	which	distribubon	funcbon	best	ﬁts	the	data?	Is	there	a	clear	winner?	
	
What	are	the	%AARD’s	(average	absolute	relabve	deviabons)	of	the	ﬁts?	
Su r Distribution Sample Assignment Part 1
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	 	If	Q	is	the	cumulative	wt%,	then
De= 11.15
nd= 1.53
Dp/De Q SSQ χ2 %AARD
0.06 1.45 2.10 0.00
0.07 1.77 2.70 20.78 12.64
0.08 2.12 3.38 12.08 6.57
0.09 2.48 3.98 8.12 4.07
0.10 2.87 4.40 5.72 2.73
0.11 3.27 4.62 4.12 1.92
0.12 3.69 4.69 3.09 1.43
0.13 4.12 4.70 2.41 1.11
0.14 5.03 4.40 1.50 0.72
0.16 5.99 3.87 0.96 0.49
0.18 6.99 3.29 0.64 0.35
0.20 8.05 2.71 0.42 0.26
0.22 9.13 2.15 0.28 0.19
0.23 10.26 1.61 0.18 0.14
0.27 12.60 0.74 0.06 0.07
0.36 18.86 0.04 0.00 0.01
0.45 25.46 0.81 0.03 0.03
0.54 32.17 1.34 0.04 0.03
0.58 35.51 1.35 0.04 0.03
0.63 38.81 1.25 0.03 0.03
0.67 42.06 1.12 0.03 0.02
0.72 45.24 1.01 0.02 0.02
0.76 48.35 0.98 0.02 0.02
0.81 51.37 0.92 0.02 0.02
0.90 57.12 0.80 0.01 0.02
0.99 62.45 0.56 0.01 0.01
1.08 67.33 0.29 0.00 0.01
1.17 71.75 0.08 0.00 0.00
1.26 75.72 0.00 0.00 0.00
1.35 79.26 0.13 0.00 0.00
1.43 82.37 0.50 0.01 0.01
1.52 85.11 1.03 0.01 0.01
1.61 87.48 1.64 0.02 0.01
1.70 89.53 2.19 0.02 0.02
1.79 91.29 2.62 0.03 0.02
1.97 94.06 2.85 0.03 0.02
2.24 96.77 2.12 0.02 0.02
2.51 98.31 1.04 0.01 0.01
2.87 99.33 0.24 0.00 0.00
3.23 99.75 0.02 0.00 0.00
3.41 99.85 0.00 0.00 0.00
3.59 99.91 0.00 0.00 0.00
4.04 99.98 0.00 0.00 0.00
4.48 99.99 0.00 0.00 0.00
SSQ= 74.28 60.79 0.77
Weibull	Distribution
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	 	If	Q	is	the	cumulative	wt%,	then
Dg= 8.39 LN	Dg= 2.127 Dg= 8.28 LN	Dg= 2.114
σg= 2.11 LN	σg= 0.746 σg= 2.12 LN	σg= 0.752
Ln	Dp LN	σg Q SSQ χ2 %AARD Q SSQ χ2 %AARD
0.00 0.00 0.04 0.00 0.00 0.00 0.05 0.00 0.00
-0.03 0.72 0.08 0.00 0.02 0.37 0.09 0.00 0.01 0.27
-0.02 0.75 0.14 0.02 0.07 0.51 0.16 0.01 0.05 0.43
0.00 0.95 0.22 0.07 0.15 0.56 0.25 0.06 0.12 0.50
0.03 1.16 0.32 0.20 0.26 0.58 0.36 0.17 0.21 0.53
0.06 1.32 0.46 0.44 0.39 0.59 0.51 0.37 0.33 0.54
0.10 1.39 0.62 0.81 0.53 0.59 0.69 0.69 0.45 0.55
0.14 1.38 0.82 1.28 0.66 0.58 0.90 1.09 0.56 0.54
0.46 2.69 1.32 2.60 0.89 0.55 1.44 2.22 0.76 0.51
0.64 2.58 1.95 4.27 1.06 0.51 2.12 3.61 0.90 0.47
0.80 2.39 2.73 6.00 1.16 0.47 2.94 5.01 0.97 0.43
0.96 2.19 3.64 7.63 1.19 0.43 3.90 6.26 0.98 0.39
1.11 1.99 4.67 9.00 1.17 0.39 4.98 7.24 0.94 0.35
1.26 1.81 5.82 10.07 1.12 0.35 6.17 7.93 0.88 0.31
3.02 2.91 8.40 11.15 0.95 0.28 8.85 8.36 0.71 0.25
10.15 4.02 16.03 9.15 0.48 0.16 16.66 5.74 0.30 0.13
11.75 1.96 24.39 3.90 0.15 0.07 25.12 1.54 0.06 0.05
12.49 0.78 32.65 0.46 0.01 0.02 33.42 0.01 0.00 0.00
6.25 0.22 36.61 0.00 0.00 0.00 37.38 0.50 0.01 0.02
6.34 0.11 40.40 0.22 0.01 0.01 41.16 1.52 0.04 0.03
6.43 0.04 44.02 0.81 0.02 0.02 44.76 2.70 0.06 0.04
6.51 0.01 47.45 1.44 0.03 0.03 48.17 3.70 0.08 0.04
6.61 0.00 50.69 1.82 0.04 0.03 51.39 4.20 0.09 0.04
6.57 0.01 53.74 1.98 0.04 0.03 54.41 4.33 0.08 0.04
13.10 0.18 59.29 1.62 0.03 0.02 59.91 3.56 0.06 0.03
12.42 0.38 64.16 0.93 0.01 0.02 64.72 2.30 0.04 0.02
11.60 0.60 68.42 0.30 0.00 0.01 68.91 1.09 0.02 0.02
10.67 0.80 72.13 0.01 0.00 0.00 72.57 0.29 0.00 0.01
9.69 0.96 75.37 0.11 0.00 0.00 75.75 0.00 0.00 0.00
8.67 1.08 78.19 0.51 0.01 0.01 78.53 0.14 0.00 0.00
7.68 1.15 80.65 1.04 0.01 0.01 80.95 0.52 0.01 0.01
6.86 1.21 82.80 1.67 0.02 0.02 83.06 1.06 0.01 0.01
6.10 1.23 84.68 2.31 0.03 0.02 84.91 1.67 0.02 0.01
5.45 1.24 86.33 2.95 0.03 0.02 86.53 2.31 0.03 0.02
4.85 1.22 87.78 3.57 0.04 0.02 87.95 2.95 0.03 0.02
8.35 2.51 90.18 4.80 0.05 0.02 90.31 4.24 0.05 0.02
9.46 3.50 92.83 6.16 0.06 0.03 92.91 5.74 0.06 0.03
6.60 2.88 94.68 6.79 0.07 0.03 94.74 6.51 0.07 0.03
5.37 2.78 96.36 6.15 0.06 0.03 96.39 6.01 0.06 0.02
2.72 1.61 97.45 4.61 0.05 0.02 97.47 4.55 0.05 0.02
0.69 0.43 97.85 3.75 0.04 0.02 97.86 3.71 0.04 0.02
0.41 0.27 98.18 2.95 0.03 0.02 98.19 2.93 0.03 0.02
0.38 0.28 98.78 1.49 0.01 0.01 98.78 1.49 0.01 0.01
0.00 0.00 99.16 0.70 0.01 0.01 99.16 0.71 0.01 0.01
212.72 55.67 SSQ= 125.73 10.97 0.17 SSQ= 119.02 9.19 0.16
Log-Normal	Distribution
GuessCalculated
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	 	The	wt.	average	diameter	of	the	sample	can	be	computed	using	the	equation	on	the	left.
The	sample	distributions	are	measured	by	light	diffraction,	hence	the	data	are	on	a	weight	basis.	
To	find	the	weight	fraction	(w)	for	each	mean	size	(d),	the	difference	in	the	cumulative	distribution	between	each	size	category	is	taken.
To	confirm	that	the	distribution	is	normalized,	the	integral	of	dw/dD	should	=	1.	
d(average)= 10.76 μm
χ2	Test
Hypothesis,	Ho: The	calculated	cumulative	distribution	is	the	same	as	the	cumulative	distribution	of	the	sample	data.
If	χ2	≥	χ2(df),	hypothesis	is	rejected
Hence,	ydata	is	the	cumulative	distribution	of	the	sample	data,	ycalc	is	a	cumulative	distribution	from	either	a	regressed	or	calculated	function.
For	the	Log	Normal	distribution	function,	the	values	of	Dg	and	σg	were	calculated	from	the	data,	and	also	regressed	using	Excel	Solver,	giving	2	Log	Normal	fits.	
Weibull Log	Normal	(Calculated) Log	Normal	(Regression)
χ2 60.786 10.965 9.185
Number	of	data 44
Degree	of	freedom 41 41 41
χ2	dist	(95%) 56.94
Hypothesis Rejected Accepted Accepted
p-value 0.0239 1.00 1.00
%AARD 0.77 0.17 0.16
F-test	Comparison	of	2	distribution	fits
Hypothesis,	Ho: There	is	no	difference	between	the	fit	1	and	fit	2
If	F>F(crit)	or	P<0.05,	the	null	hypothesis	is	rejected
Degrees	of	freedom	for	a	fit	will	be	(number	of	data)	-	2.
Note:	Fit	1	must	have	the	larger	variance
Fit	1 Fit	2 Fit	1 Fit	2
LogNormal	(Calculated) Weibull LogNormal	(Regression) Weibull
Mean 47.33 48.98 Mean 47.62 48.98
Variance 1498.35795 1469.026961 Variance 1496.813142 1469.026961
Number	of	data 44 44 Number	of	data 44 44
Degrees	of	Freedom 42 42 Degrees	of	Freedom 42 42
F 1.01996627 F 1.018914684
P(F<=f)	one-tail 0.474612503 P(F<=f)	one-tail 0.475935496
F	Critical	one-tail 1.670970511 F	Critical	one-tail 1.670970511
Hypothesis: Accepted Hypothesis: Accepted
Conclusion
From	χ2	test,	we	can	see	that	Weibull	distribution	does	not	fit	the	sample	data	as	well	as	Log	Normal	distribution.	
F-test	shows	that	there	is	no	significant	difference	between	Weibull	distribution	and	Log	Normal	Distribution
Calculate	the	average	diameter	from	the	first	moment
Weibull	vs	Lognormal(Regression)Weibull	vs	Log	Normal(Calculated)
Which	distribution	is	a	better	fit	to	the	data?
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Using	the	given	histogram	data:	
Plot	the	histogram	of	the	sample.	
Use	the	histogram	data	to	ﬁt	the	parameters	of	the	log	normal	and	Weibull	probability	densi-es,	
and	plot	the	ﬁts	to	the	data.		What's	wrong	with	the	Weibull	distribu-on?		Modify	the	histogram	
to	obtain	the	correct	probability	density	func-on	for	the	Weibull,	and	then	ﬁt	again.		
Are	the	regressed	distribu-on	parameters	the	same	as	obtained	using	the	cumula-ve	
distribu-on?		If	not,	why	not?	
Using	χ2	and	F-tests,	which	distribu-on	func-on	(Weibull	or	log	normal)		best	ﬁts	the	data?	
What	are	the	%AARDs	(average	absolute	rela-ve	devia-on)	of	the	ﬁts?	
Part 2
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	 	Diameter	(µm) Cumulative	wt	% Histogram,	q*	(%)	[log	normal	basis]0.7 0 0
0.8 0.13 0.974
0.9 0.28 1.274
1 0.49 1.993
1.1 0.77 2.938
1.2 1.12 4.022
1.3 1.52 4.997
1.4 1.95 5.802
1.6 2.93 7.339
1.8 4.02 9.254
2 5.18 11.01
2.2 6.4 12.8
2.4 7.67 14.596
2.6 8.99 16.491
3 11.74 19.217
4 19.06 25.445
5 26.36 32.714
6 33.33 38.229
6.5 36.67 41.728
7 39.93 43.99
7.5 43.12 46.237
8 46.25 48.498
8.5 49.34 50.969
9 52.33 52.311
10 58.02 54.005
11 63.2 54.349
12 67.87 53.671
13 72.03 51.972
14 75.7 49.522
15 78.9 46.382
16 81.67 42.92
17 84.09 39.918
18 86.2 36.915
19 88.05 34.217
20 89.67 31.583
22 92.37 28.329
25 95.31 22.999
28 97.29 17.471
32 98.84 11.608
36 99.6 6.453
38 99.79 3.514
40 99.9 2.145
45 100 0.849
50 100 0
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LN	Dg= 2.127 (Calculated	from	Part	1) Dg= 9.45 LN	Dg= 2.245
LN	σg= 0.746 σg= 2.14 LN	σg= 0.763
q* SSQ χ2 %AARD q* SSQ χ2 %AARD
0.21 0.04 0.00 0.16 0.02 0.00
0.37 0.36 0.37 0.62 0.28 0.48 0.50 0.71
0.61 0.44 0.35 0.52 0.45 0.67 0.53 0.64
0.92 1.15 0.58 0.54 0.69 1.70 0.86 0.65
1.31 2.65 0.90 0.55 0.99 3.81 1.30 0.66
1.79 4.99 1.24 0.56 1.35 7.14 1.77 0.66
2.35 6.99 1.40 0.53 1.78 10.33 2.07 0.64
3.00 7.85 1.35 0.48 2.28 12.37 2.13 0.61
4.54 7.85 1.07 0.38 3.49 14.84 2.02 0.52
6.36 8.35 0.90 0.31 4.93 18.66 2.02 0.47
8.43 6.65 0.60 0.23 6.60 19.46 1.77 0.40
10.69 4.45 0.35 0.16 8.44 18.99 1.48 0.34
13.09 2.27 0.16 0.10 10.43 17.37 1.19 0.29
15.58 0.83 0.05 0.06 12.52 15.76 0.96 0.24
20.67 2.12 0.11 0.08 16.89 5.40 0.28 0.12
32.66 52.01 2.04 0.28 27.73 5.24 0.21 0.09
42.03 86.75 2.65 0.28 36.94 17.86 0.55 0.13
48.33 102.03 2.67 0.26 43.82 31.20 0.82 0.15
50.43 75.67 1.81 0.21 46.38 21.64 0.52 0.11
51.91 62.80 1.43 0.18 48.41 19.55 0.44 0.10
52.87 43.96 0.95 0.14 49.96 13.83 0.30 0.08
53.36 23.64 0.49 0.10 51.07 6.60 0.14 0.05
53.46 6.21 0.12 0.05 51.79 0.68 0.01 0.02
53.23 0.85 0.02 0.02 52.19 0.02 0.00 0.00
52.01 3.97 0.07 0.04 52.14 3.46 0.06 0.03
50.06 18.36 0.34 0.08 51.26 9.56 0.18 0.06
47.66 36.08 0.67 0.11 49.78 15.15 0.28 0.07
45.02 48.39 0.93 0.13 47.90 16.57 0.32 0.08
42.26 52.76 1.07 0.15 45.78 14.03 0.28 0.08
39.49 47.48 1.02 0.15 43.51 8.24 0.18 0.06
36.78 37.68 0.88 0.14 41.19 3.00 0.07 0.04
34.17 33.01 0.83 0.14 38.87 1.11 0.03 0.03
31.69 27.30 0.74 0.14 36.58 0.11 0.00 0.01
29.35 23.70 0.69 0.14 34.37 0.02 0.00 0.00
27.16 19.60 0.62 0.14 32.24 0.44 0.01 0.02
23.21 26.17 0.92 0.18 28.29 0.00 0.00 0.00
18.33 21.77 0.95 0.20 23.17 0.03 0.00 0.01
14.51 8.76 0.50 0.17 18.96 2.22 0.13 0.09
10.70 0.83 0.07 0.08 14.55 8.67 0.75 0.25
7.96 2.27 0.35 0.23 11.23 22.85 3.54 0.74
6.89 11.40 3.24 0.96 9.90 40.73 11.59 1.82
5.98 14.72 6.86 1.79 8.73 43.41 20.24 3.07
4.24 11.53 13.58 4.00 6.44 31.30 36.87 6.59
3.06 9.35 0.00 0.00 4.81 23.15 0.00 0.00
966.07 55.95 0.36 SSQ= 507.69 96.38 0.48
Log-Normal	Distribution
GuessCalculated
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De= 8.42 De= 10.71
nd= 6.97 nd= 1.64
Dp/De q SSQ w	(wt%) Histogram,q	(wt	%/µm) Dp/De q3 SSQ χ2 %AARD
0.08 0.00 0.00 0.00 0.00 0.07 2.65 7.03 0.00
0.10 0.00 0.95 0.13 1.30 0.07 2.88 2.49 1.92 1.21
0.11 0.00 1.62 0.15 1.50 0.08 3.09 2.54 1.69 1.06
0.12 0.00 3.97 0.21 2.10 0.09 3.30 1.44 0.68 0.57
0.13 0.00 8.63 0.28 2.80 0.10 3.49 0.48 0.17 0.25
0.14 0.00 16.17 0.35 3.50 0.11 3.68 0.03 0.01 0.05
0.15 0.00 24.96 0.40 4.00 0.12 3.86 0.02 0.01 0.04
0.17 0.00 33.64 0.43 4.30 0.13 4.03 0.07 0.02 0.06
0.19 0.00 53.80 0.98 4.90 0.15 4.35 0.30 0.06 0.11
0.21 0.01 85.48 1.09 5.45 0.17 4.64 0.65 0.12 0.15
0.24 0.02 120.88 1.16 5.80 0.19 4.92 0.78 0.13 0.15
0.26 0.03 163.14 1.22 6.10 0.21 5.17 0.87 0.14 0.15
0.29 0.05 211.71 1.27 6.35 0.22 5.40 0.90 0.14 0.15
0.31 0.07 269.52 1.32 6.60 0.24 5.62 0.96 0.15 0.15
0.36 0.17 362.65 2.75 6.88 0.28 6.00 0.77 0.11 0.13
0.48 0.96 599.29 7.32 7.32 0.37 6.69 0.40 0.05 0.09
0.59 3.58 848.58 7.30 7.30 0.47 7.06 0.06 0.01 0.03
0.71 9.95 799.44 6.97 6.97 0.56 7.18 0.04 0.01 0.03
0.77 14.97 716.07 3.34 6.68 0.61 7.16 0.23 0.03 0.07
0.83 20.85 535.35 3.26 6.52 0.65 7.09 0.32 0.05 0.09
0.89 26.56 387.30 3.19 6.38 0.70 6.98 0.36 0.06 0.09
0.95 30.30 331.03 3.13 6.26 0.75 6.83 0.33 0.05 0.09
1.01 30.12 434.64 3.09 6.18 0.79 6.66 0.23 0.04 0.08
1.07 25.12 739.49 2.99 5.98 0.84 6.46 0.23 0.04 0.08
1.19 8.38 2081.35 5.69 5.69 0.93 5.99 0.09 0.02 0.05
1.31 0.65 2884.00 5.18 5.18 1.03 5.47 0.09 0.02 0.06
1.43 0.00 2880.04 4.67 4.67 1.12 4.93 0.07 0.01 0.06
1.54 0.00 2701.09 4.16 4.16 1.21 4.38 0.05 0.01 0.05
1.66 0.00 2452.43 3.67 3.67 1.31 3.85 0.03 0.01 0.05
1.78 0.00 2151.29 3.20 3.20 1.40 3.34 0.02 0.01 0.04
1.90 0.00 1842.13 2.77 2.77 1.49 2.87 0.01 0.00 0.03
2.02 0.00 1593.45 2.42 2.42 1.59 2.44 0.00 0.00 0.01
2.14 0.00 1362.72 2.11 2.11 1.68 2.05 0.00 0.00 0.03
2.26 0.00 1170.80 1.85 1.85 1.77 1.71 0.02 0.01 0.08
2.38 0.00 997.49 1.62 1.62 1.87 1.41 0.04 0.03 0.13
2.61 0.00 802.53 2.70 1.35 2.05 0.94 0.17 0.13 0.31
2.97 0.00 528.95 2.94 0.98 2.34 0.48 0.25 0.26 0.52
3.33 0.00 305.24 1.98 0.66 2.62 0.23 0.19 0.29 0.66
3.80 0.00 134.75 1.55 0.39 2.99 0.08 0.10 0.25 0.81
4.28 0.00 41.64 0.76 0.19 3.36 0.02 0.03 0.15 0.88
4.51 0.00 12.35 0.19 0.10 3.55 0.01 0.01 0.07 0.88
4.75 0.00 4.60 0.11 0.05 3.74 0.01 0.00 0.04 0.89
5.34 0.00 0.72 0.10 0.02 4.20 0.00 0.00 0.02 0.95
5.94 0.00 0.00 0.00 0.00 4.67 0.00 0.00 0.00 0.00
SSQ= 30695.87 100.00 162.24 SSQ= 22.70 7.02 0.26
Weibull	Distribution	with	Modified	HistogramWeibull	with	Original	Data
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	 	Does	Weibull	fit	the	sample	data?The	Weibull	distribution	shown	in	first	histogram	(q)	graph	does	not	fit	the	original	sample	data.	
The	equation	of	q*	(log	normal)	is	computed	with	the	logarithm	of	the	diameter.	
While	Weibull	would	use	a	normal	equation	of	q,	the	normal-histogram	is	computed	and	fitted	with	Weibull	distribution	again,	and	shows	better	fit	than	the	original	sample	data.
From	q*	for	Log	Normal	distribution; From	the	analyzer,	histogram	data: From	definition	of	q	for	most	distributions	(including	Weibull):
χ2	Test
Hypothesis,	Ho: The	cumulative	distribution	calculated	from	mathematical	distribution	function	is	the	same	as	sample	data	cumulative	distribution.
If	χ2	≥	χ2(df),	hypothesis	is	rejected
Hence,	y(data)	is	sample	data	cumulative	distribution	and	y(calc)	is	calculated	from	mathematical	distribution	function.
Weibull	(modified) Log	Normal	(Calculated) Log	Normal	(Regression)
χ2 7.016 55.955 96.380
Number	of	data 44
Degree	of	freedom 41 41 41
χ2	dist	(95%) 56.94
Hypothesis Accepted Accepted Rejected
p-value 1.0000 0.06 0.00
%AARD 0.26 0.36 0.48
F-test	Comparison	of	2	distribution	fits
Hypothesis,	Ho: There	is	no	difference	between	the	fit	1	and	fit	2
If	F>F(crit)	or	P<0.05,	the	null	hypothesis	is	rejected
Degrees	of	freedom	for	a	fit	will	be	(number	of	data)	-	2.
Note:	Fit	1	must	have	the	larger	variance
Fit	1 Fit	2 Fit	1 Fit	2
LogNormal	(Calculated) Weibull LogNormal	(Regression) Weibull
Mean 24.06 3.76 Mean 25.10 3.78
Variance 388.9863407 5.76771878 Variance 382.4574768 5.76771878
Number	of	data 44 44 Number	of	data 44 44
Degrees	of	Freedom 42 42 Degrees	of	Freedom 42 42
F 67.44197412 F 66.31000771
P(F<=f)	one-tail 5.83753E-28 P(F<=f)	one-tail 8.2464E-28
F	Critical	one-tail 1.670970511 F	Critical	one-tail 1.670970511
Hypothesis: Rejected Hypothesis: Rejected
Conclusion
The	parameters	regressed	for	these	distributions	are	close	to	the	parameters	regressed	from	the	cumulative	distributions.	
From	χ2	test,	the	Weibull	and	Log	Normal	(calculated)	distributions	are	acceptable	at	the	95%	confidence	level.
Comparing	the	p-values	of	the	Weibull	and	Log	Normal	(calculated)	distributions,	the	Weibull	is	the	better	fit.		
F-test	shows	that	there	will	be	a	significant	difference	between	Weibull	distribution	and	Log	Normal	Distribution
Which	distribution	is	a	better	fit	to	the	data?
Weibull	vs	Log	Normal(Calculated) Weibull	vs	Lognormal(Regression)
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All	Experiments	2.2	kg	sucrose	and	6	L	IPA	except	where	noted
Mill I Exp 1
Time PSA D	10% D	50% D	90	% Mean SD CV Number	Crystals/gram	Sugar 1/SQRT(D)
5 4174 6.41 56.06 199.08 81.25 81.124 0.998449 1236313.323 0.11094
30 4176 3.72 18.3 58.74 25.672 21.784 0.848551 39193996.2 0.197365
60 4178 3.26 13.8 42.34 18.793 15.657 0.833129 99910312.46 0.230676
90 4180 3.08 11.87 34.6 15.556 12.537 0.805927 176159007.6 0.253543
120 4182 2.99 10.86 29.53 13.672 10.45 0.764336 259479175.5 0.270448
180 4184 2.84 9.62 24.66 11.877 8.968 0.755073 395802368.8 0.290166
240 4185 2.71 8.72 21.06 10.472 7.471 0.713426 577443846.7 0.309019
300 4186 2.54 7.95 18.42 9.367 6.378 0.680901 806857978.4 0.326738
Mill	I	Exp	2
Time PSA D	10% D	50% D	90% Mean SD CV Number	Crystals/gram	Sugar 1/SQRT(D)
5 4277 7.07 58.72 169.7 75.251 67.736 0.900134 1556187.175 0.115277
30 4278 3.83 19.16 61.05 26.75 22.536 0.842467 34643941.72 0.193347
60 4279 3.29 13.97 42.7 18.986 15.717 0.82782 96894299.84 0.2295
90 4280 3.05 11.91 34.29 15.549 12.441 0.800116 176397029.7 0.2536
120 4281 2.92 10.71 29.09 13.499 10.343 0.766205 269583847 0.272176
180 4282 2.79 9.33 23.18 11.279 8.075 0.715932 462154162 0.297759
240 4283 2.75 8.61 20.24 10.248 7.123 0.695062 616142701.3 0.312378
300 4284 2.69 8.15 17.96 9.401 6.121 0.651101 798135265.4 0.326147
360 4285 2.58 7.9 16.71 8.926 5.63 0.630742 932455276.7 0.334712
Mill II Exp 1
Time PSA D	10% D	50% D	90% Mean SD CV Number	Crystals/gram	Sugar 1/SQRT(D)
5 4223 50.94 256.92 437.31 252.395 136.879 0.542321 41243.58582 0.062945
30 4224 4.46 26.59 79.25 35.403 30.079 0.849617 14944399.31 0.168066
60 4225 3.52 16.13 49.21 21.973 17.933 0.816138 62507278.6 0.213332
90 4226 3.15 12.98 37.89 17.1 13.655 0.798538 132620398.1 0.241825
120 4227 3.02 11.67 32.71 15.008 11.845 0.789246 196168917.4 0.25813
180 4228 2.82 10.14 26.92 12.649 9.675 0.764883 327665020.1 0.281172
240 4229 2.71 9.04 21.79 10.8 7.694 0.712407 526413952.9 0.30429
300 4230 2.63 8.41 19.81 10.007 7.025 0.702009 661739347.9 0.316117
360 4231 2.59 7.88 17.85 9.209 6.142 0.666956 849104689.7 0.329529
Mill II Exp 2
Time PSA D	10% D	50% D	90% Mean SD CV Number	Crystals/gram	Sugar 1/SQRT(D)
5 4241 71.75 282.72 452.62 271.172 136.174 0.502168 33255.54931 0.060726
30 4242 4.25 23.98 72.6 32.377 27.162 0.838929 19538393.08 0.175744
60 4243 3.46 15.36 46.12 20.764 16.885 0.813186 74073966 0.219454
90 4244 3.2 13.01 37.01 16.944 13.299 0.78488 136317254.4 0.242936
120 4245 3.03 11.67 32.23 14.907 11.611 0.778896 200183327.6 0.259003
180 4246 2.86 10.09 26.11 12.46 9.316 0.747673 342802934.9 0.283296
240 4247 2.74 9.12 22.17 10.941 7.773 0.710447 506322939.9 0.302323
300 4248 2.65 8.39 19.26 9.813 6.585 0.671049 701767516.9 0.319227
		123	
	 	360 4249 2.6 8.02 18.09 9.343 6.197 0.663277 813091857.4 0.327157
Mill III Exp 1
Time PSA D	10% D	50% D	90% Mean SD CV Number	Crystals/gram	Sugar 1/SQRT(D)
5 4188 6.42 47.89 124.7 57.989 48.302 0.832951 3400648.934 0.131319
30 4189 3.83 19.68 61.08 26.99 22.506 0.833864 33727954.61 0.192486
60 4190 3.12 13.09 38.11 17.204 13.736 0.798419 130229795 0.241093
90 4191 2.84 10.97 30.16 13.88 10.69 0.770173 247987768.2 0.268414
120 4192 2.81 10.29 28.07 13.003 10.103 0.776975 301625441.6 0.277318
180 4193 2.65 8.71 21.49 10.549 7.627 0.723007 564891163.9 0.307889
240 4194 2.59 7.93 18.18 9.317 6.277 0.673715 819917907.9 0.327614
300 4195 2.51 7.52 17.07 8.826 5.89 0.667346 964510342.9 0.336603
360 4196 2.33 7.02 15.51 8.108 5.223 0.644179 1244106154 0.351191
Mill III Exp 2
Time PSA D	10% D	50% D	90% Mean SD CV Number	Crystals/gram	Sugar 1/SQRT(D)
5 4232 13.11 130.48 288.86 143.918 107.999 0.75042 222460.7071 0.083357
30 4233 3.85 19.38 60.7 26.821 22.387 0.834682 34369543.2 0.193091
60 4234 3.2 13.13 38.46 17.308 13.806 0.797666 127896305.4 0.240368
90 4235 3 11.62 33.03 15.025 12.002 0.798802 195503806 0.257984
120 4236 2.85 10.46 27.77 13.03 9.955 0.764006 299754292.8 0.277031
185 4237 2.68 8.98 21.75 10.757 7.701 0.715906 532752078.3 0.304898
240 4238 2.6 8.26 19.63 9.881 6.985 0.706912 687378526.2 0.318126
300 4239 2.53 7.64 17.28 8.941 5.961 0.666704 927770103.8 0.334431
360 4240 2.45 7.17 15.73 8.272 5.252 0.634913 1171566868 0.347692
Mill IV Exp 1
Time PSA D	10% D	50% D	90% Mean SD CV Number	Crystals/gram	Sugar 1/SQRT(D)
5 4304 12.21 111.79 267.54 129.188 103.279 0.799447 307561.6159 0.087981
30 4305 3.89 19.84 61.45 27.183 22.613 0.83188 33014635.22 0.191801
60 4306 3.32 14.64 44.85 19.965 16.528 0.827849 83327953.31 0.223803
90 4307 3.21 12.84 36.66 16.723 13.186 0.788495 141793423.8 0.244536
120 4308 3.06 11.64 32.58 14.956 11.83 0.790987 198222198.7 0.258578
180 4309 2.87 10.14 26.54 12.586 9.528 0.757032 332610133.2 0.281875
240 4310 2.74 9.15 22 10.925 7.759 0.710206 508550776.2 0.302545
300 4311 2.64 8.38 19.64 9.954 6.973 0.700522 672366008 0.316958
360 4312 2.55 7.78 17.47 9.06 6.018 0.664238 891690347.5 0.332228
1410 4322 2.02 5.36 10.62 5.908 3.322 0.562288 3215712387 0.411415
Mill IV Exp 2
Time PSA D	10% D	50% D	90% Mean	 SD CV Number	Crystals/gram	Sugar 1/SQRT(D)
5 4313 18.94 164.26 339.18 172.852 117.936 0.682295 128403.0771 0.076061
30 4314 4.1 22.45 71.21 31.181 26.805 0.859658 21874016.77 0.179083
60 4315 3.46 15.04 45.76 20.412 16.752 0.820694 77972593.44 0.221339
90 4316 3.2 12.84 37.29 16.589 13.423 0.809151 145257323.3 0.245522
120 4317 3.05 11.57 32.73 14.94 11.881 0.795248 198859739.4 0.258717
180 4318 2.86 9.92 25.94 12.332 9.355 0.758596 353588482.6 0.284763
240 4319 2.75 8.93 21.63 10.722 7.639 0.71246 537986341.4 0.305395
		124	
	 	
300 4320 2.66 8.29 18.72 9.637 6.412 0.665352 740923008.5 0.322128
360 4321 2.58 7.85 17.65 9.145 6.064 0.663095 867056760.9 0.33068
Mill V BM1 Exp 1
Time PSA D	10% D	50% D	90% Mean	 SD CV Number	Crystals/gram	Sugar 1/SQRT(D)
5 4370 11.29 118.97 255.5 128.188 94.85 0.739929 314815.8165 0.088324
30 4371 3.77 17.75 56.04 24.722 20.831 0.84261 43888208.37 0.201121
60 4372 3.32 13.87 41.53 18.619 15.243 0.81868 102737644.1 0.231751
90 4373 3.03 11.95 33.72 15.408 12.2 0.791796 181284156.1 0.254757
120 4374 2.89 10.83 29.24 13.587 10.376 0.763671 264379594.6 0.271293
180 4375 2.72 9.64 24.62 11.842 8.888 0.750549 399322230.4 0.290595
240 4376 2.65 8.73 21.11 10.473 7.467 0.712976 577278453.2 0.309004
300 4377 2.55 8.02 18.39 9.401 6.332 0.673545 798135265.4 0.326147
360 4378 2.47 7.57 17.09 8.847 5.9 0.666893 957658299.2 0.336203
Mill V BM1 Exp 2
Time PSA D	10% D	50% D	90% Mean	 SD CV Number	Crystals/gram	Sugar 1/SQRT(D)
5 4388 7.83 74.61 218.97 96.062 85.442 0.889446 748072.6645 0.102029
30 4389 3.68 17.6 56.67 24.777 21.086 0.851031 43596587.45 0.200898
60 4390 3.21 13.14 39.93 17.805 14.732 0.827408 117482376.9 0.236989
90 4391 2.99 11.46 33.23 15.002 12.11 0.807226 196404382.9 0.258182
120 4392 2.86 10.49 28.73 13.269 10.254 0.772779 283846848.2 0.274524
180 4393 2.72 9.26 23.98 11.484 8.718 0.759143 437843701.9 0.295089
240 4394 2.61 8.44 20.64 10.205 7.36 0.721215 623964140.5 0.313035
300 4395 2.55 7.9 18.1 9.271 6.258 0.675008 832183144.8 0.328425
360 4396 2.51 7.57 17.1 8.863 5.9 0.665689 952481196 0.3359
Mill V BM2 Exp 1 This	experiment	was	run	with	2.2	kg	IPA	and	8	L	IPA
Time PSA D	10% D	50% D	90% Mean	 SD CV Number	Crystals/gram	Sugar 1/SQRT(D)
5 4379 12.4 166.67 367.41 176.632 131.806 0.746218 120334.5946 0.075243
30 4380 4.12 22.84 76.75 32.943 29.566 0.89749 18548518.16 0.174228
60 4381 3.42 14.88 46.53 20.488 17.085 0.833903 77108092.93 0.220928
90 4382 3.17 12.93 37.78 17.044 13.618 0.798991 133931916 0.242222
120 4383 3.02 11.87 34.46 15.55 12.52 0.805145 176363000.3 0.253592
180 4384 2.84 10.63 28.91 13.392 10.308 0.769713 276097412.5 0.273261
240 4385 2.76 9.76 25.45 12.109 9.2 0.759765 373485564.7 0.287373
300 4386 2.72 9.24 22.67 11.106 7.961 0.71682 484089486.9 0.300069
330 4387 2.67 8.76 20.94 10.452 7.391 0.707137 580765026.4 0.309315
Mill V BM2 Exp 2
Time PSA D	10% D	50% D	90% Mean	 SD CV Number	Crystals/gram	Sugar 1/SQRT(D)
5 4397 7.88 76.42 249.42 107.253 101.901 0.950099 537489.9053 0.09656
30 4398 3.81 18.86 60.01 26.315 22.181 0.842903 36390542.96 0.194939
60 4399 3.29 13.9 42.83 18.968 15.785 0.832191 97170410.08 0.229609
90 4400 3.09 12.12 35.55 15.963 12.872 0.806365 163025341.1 0.25029
120 4401 2.92 10.93 29.94 13.801 10.594 0.767626 252270803.7 0.269181
180 4402 2.78 9.8 25.66 12.178 9.263 0.760634 367173009.6 0.286558
240 4403 2.66 8.95 22.01 10.804 7.798 0.72177 525829481.5 0.304234
		125	
	 	
300 4404 2.6 8.34 20.04 10.024 7.146 0.712889 658378264.1 0.315849
330 4419 2.55 8.12 18.56 9.49 6.39 0.67 775889761.8 0.324614
Mill	VI	BM1	Exp	1
Time PSA D	10% D	50% D	90% Mean	 SD CV Number	Crystals/gram	Sugar 1/SQRT(D)
5 4429 8.89 103.08 290.04 129.698 113.382 0.8742 303947.6718 0.087808
30 4430 3.93 20.43 65.36 28.672 24.65 0.859724 28133560.23 0.186754
60 4431 3.33 14.31 43.77 19.464 16.092 0.826757 89929539.74 0.226665
90 4432 3.14 12.37 36.29 16.306 13.106 0.803753 152952417.1 0.247643
120 4433 2.98 11.2 31.45 14.422 11.45 0.793926 221066117.9 0.263322
180 4434 2.79 9.34 23.92 11.524 8.63 0.748872 433300220.1 0.294577
240 4435 2.72 8.7 21.38 10.538 7.565 0.717878 566661981.3 0.30805
300 4436 2.62 8.05 18.43 9.442 6.341 0.671574 787783118.8 0.325438
360 4437 2.6 7.71 17.3 8.999 5.941 0.660184 909946592.5 0.333352
Mill	VI	BM2	Exp	1
Time PSA D	10% D	50% D	90% Mean	 SD CV Number	Crystals/gram	Sugar 1/SQRT(D)
5 4420 11.63 157.01 392.55 180.909 145.716 0.805466 112000.0301 0.074348
30 4421 4 21.32 68.82 29.964 25.905 0.864537 24648999.34 0.182684
60 4422 3.38 14.65 45.35 20.048 16.67 0.831504 82297283.01 0.223339
90 4423 3.13 12.42 36.13 16.299 13.051 0.800724 153149569.1 0.247696
120 4424 3.01 11.17 31.53 14.441 11.477 0.794751 220194696.5 0.263149
180 4425 2.93 10.43 28.15 13.137 10.068 0.766385 292489350.9 0.2759
240 4426 2.83 9.46 24.11 11.633 8.653 0.743832 421234054.4 0.293193
300 4427 2.72 8.57 20.65 10.306 7.308 0.709101 605798570.4 0.311498
360 4428 2.64 7.98 18.08 9.332 6.213 0.665774 815970519.2 0.32735
Mill	VI	BM1	Exp	2
Time PSA D	10% D	50% D	90% Mean	 SD CV Number	Crystals/gram	Sugar 1/SQRT(D)
5 4480 9.39 130.63 383.9 167.028 145.491 0.871058 142308.4917 0.077376
30 4481 4.31 26.09 82.35 36.063 31.518 0.873971 14138817.96 0.166521
60 4482 3.45 14.95 45.92 20.403 16.849 0.82581 78075822.81 0.221387
90 4483 3.22 12.86 37.06 16.829 13.327 0.791907 139130942.5 0.243765
120 4484 3.07 11.61 32.09 14.852 11.647 0.784204 202415533.2 0.259482
180 4485 2.92 10.34 27.1 12.838 9.684 0.754323 313405450 0.279095
240 4486 2.77 9.37 22.79 11.21 7.969 0.710883 470740777.9 0.298674
300 4487 2.65 8.57 20.2 10.182 7.132 0.700452 628202094.9 0.313389
360 4488 2.61 8.12 18.28 9.436 6.265 0.663947 789286840.1 0.325541
Mill	VI	BM	2	Exp	2
Time PSA D	10% D	50% D	90% Mean	 SD CV Number	Crystals/gram	Sugar 1/SQRT(D)
5 4489 15.58 141.51 294.02 151.503 108.029 0.713049 190693.0919 0.081244
30 4490 4.05 21.46 69.64 30.229 26.242 0.868107 24006415.4 0.181881
60 4491 3.43 14.45 43.19 19.384 15.808 0.815518 91047590.09 0.227132
90 4492 3.21 12.73 36.63 16.622 13.191 0.793587 144393892.7 0.245278
120 4493 3.06 11.47 31.15 14.511 11.247 0.775067 217023434.5 0.262513
180 4494 2.86 10.21 26.33 12.576 9.438 0.750477 333404204.5 0.281987
240 4495 2.74 9.34 22.47 11.117 7.855 0.706576 482653924.1 0.299921
		126	
	 	
300 4496 2.68 8.78 20.76 10.422 7.316 0.701977 585794718.8 0.309759
360 4497 2.59 8.23 18.53 9.544 6.359 0.666282 762794172.4 0.323694
Mill	VII	BM	1	Exp	1
Time PSA D	10% D	50% D	90% Mean	 SD CV Number	Crystals/gram	Sugar 1/SQRT(D)
5 4498 8.57 108.48 338.94 144.446 129.46 0.896252 220030.1014 0.083205
30 4499 4.02 20.04 64.27 28.194 24.284 0.861318 29588883.11 0.188331
60 4500 3.44 14.49 43.35 19.449 15.892 0.817111 90137774.16 0.226752
90 4501 3.26 12.69 35.66 16.363 12.811 0.782925 151359563.7 0.247211
120 4502 3.13 11.56 31.33 14.639 11.325 0.773618 211380259.2 0.261363
180 4503 2.92 10.03 25.22 12.255 9.045 0.738066 360295395.3 0.285656
240 4504 2.78 8.98 21.31 10.68 7.465 0.69897 544358364.2 0.305995
300 4505 2.67 8.35 18.37 9.593 6.255 0.652038 751164967.1 0.322866
360 4506 2.51 7.9 16.9 8.957 5.76 0.643072 922807118.1 0.334132
Starting	sugar
Time PSA D	10% D	50% D	90% Mean	 SD CV Number	Crystals/gram	Sugar 1/SQRT(D)
0 4250 246.54 354.5 477.8 358.18 84.5367 0.236017 14430.94137 0.052838
0 4276 251.07 356.54 478.53 360.563 83.311 0.231058 14146.70127 0.052663
0 4252 248.65 354.95 477.92 359.022 83.685 0.233092 14329.64636 0.052776
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Conclusion:	
It	is	observed	that	the	data	deviate	from	linearity	aWer	~150	min	of	the	grinding	
operaYon.	The	diameters	approach	an	asymptoYc	value	at	later	Ymes.		At	
about	1/SQRT(D)	=0.28,	which	is	about	13	μm	in	diameter,	Bond's	theory	
begins	to	break	down.	It	is	harder	(takes	more	energy)	to	break	the	sugar	
crystals	into	smaller	diameters	when	actual	crystals	(instead	of	agglomerates	of	
crystals)	must	be	broken	apart.		We	can	speculate	that	this	is	the	cause	of	the	
deviaYons	from	Bond's	theory.	Crystal	breakage	requires	a	larger	amount	of	
energy	(work	x	Yme),	hence	it	takes	much	longer	to	break	down	crystals	to	
even	smaller	diameters.	
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